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Chapter 1

Examples of ODEs and PDEs

1.1 Simple Examples of ODEs in Applications

1.1.1 Movement of a Falling Body

We describe the movement of a vertically falling body. Then its position at
time t is determined by its height h(t).

Newton’s second law of motion implies that the acceleration of the
body, that is, the change of its speed, is proportional to the forces acting
on the body. In addition, the proportionality constant equals the mass of
the body. That is, the equation

F=ma

holds, where F denotes the forces, m the mass of the body, and a its accel-
eration.

Now, the acceleration is the change of the speed, which itself is the
change of the position of the body. Therefore

F=mh"(t).

We still have to model the acting forces.

The main force is the gravity, which, for small heights h, equals ap-
proximately mg, where g ~ 9.81m/s? is the gravitational acceleration at the
earth’s surface. The gravitation is acting downwards, and considering the
above equation, we get

mh”(t) = -mg .

If either the body is very light or it is falling fast, it is necessary to take
into account air friction as well, which will slow down the fall of the body.
One possibility is to model air friction as a force proportional to the square
of the body’s velocity. Because friction always works against the current
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2 CHAPTER 1. EXAMPLES OF ODES AND PDES

movement, the sign of the corresponding force will be opposite to the sign
of h’. Thus we obtain the refined model

mh” (t) = —csign(h'(t)) W' (t)> = mg,

where c is some material constant describing the drag of the body.

In order to obtain a complete description of the movement of the body,
we need in addition a description of the state of the body at some initial
time t;, where we begin our considerations. More precisely, we will need
its initial position hj and its initial velocity vy. Then, assuming that this
model is correct, the movement of the body is completely described by the
differential equation

1.1.2 Population Dynamics

Now consider a simple model that describes the evolution of a population
over some time period. That is, we know the population p, at some given
time t;, and we want to obtain an estimate p(t) of the population at some
future time t > t.

As a basic model, we assume that the rate of change of the population
is given by some function N(t,p) that depends only on the time and the
size of the population. The time dependence can be used to model external
influences on the population, for instance environmental changes, while
size of the population influences the number of births and deaths, but can
also be used to model overpopulation. Then, the function p that describes
the population solves the differential equation

p’(t) = N(t,p(t)), p(to) =po - (1.1)

One simple model assumes that the number of births and deaths within
a certain amount of time is proportional to the size of the population that
is, the birth and death rates are constant

N(t,p(t)) = (R=S)p(t),

where R and S denote the birth and death rate, respectively. Then (1.1)
becomes

p'(t)=(R=S)p(t).
Using the initial state p(ty) = pg, we obtain with this model the population
dynamics

p(t) = poelRS)t-to)
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That is, depending on the sign of R — S, either the population increases or
decreases exponentially.

Now we try to introduce the effects of overpopulation into the model
by assuming that the death rate depends on the size of the population.
That is, instead of assuming a constant death rate S > 0, we assume that
S is a function of p. The simplest model is to assume the death rate being
proportional to p, setting

S(p)=op

for some constant o > 0. Then we obtain the equation (the logistic differen-
tial equation)

p'(t)=(R—op(t)p(t). (1.2)

In the following, we will compute the analytic solution of this equation.

We note first that the derivative of p is positive if R > op (and the popu-
lation p is positive, which we tacitly assume), while it is negative if R < op.
In other words, the population increases as long as p < R/o, while it de-
creases for p > R/o. In particular, this implies that the long term behavior
of the population will be approximately stagnation at the value p = R/o.

Separation of Variables

In order to solve the logistic differential equation (1.2), we define
p:=R/o,

and rewrite the equation as

1 dp(t)
(p—p(t)p(t) dt

Integrating (with an indefinite integral) both sides of this equation with
respect to ¢, we obtain

T 1 dp(t) , (T
J;) 0 pNp() df dt_J;) ot

Now, we change variables t — p := p(t), such that (formally)

dp(t) ,
T dt =dp.

Using this identity, we obtain

p(T) 4
J dp=0T, forallT>0.
p0) (P—plp
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Note that

p(T) p(T)
po) (P—plp P Jpo) \P—P P

= = (1n]p=p(0)1n]p ~p(T)| ¢ nlp(T) < In )
1M |
A ‘p—p(T)‘ «

where C := %(ln lp(0)|—In |p —p(0)|). Thus, the function p satisfies the equa-
tion

1 p(T)
-1
P n‘p—p(T)

Multiplying the equation with p and taking the exponential, it follows that

':0T+C, forall T > 0.

p(T) ‘_ poT ,pC
'p—mT)_e o

which is equivalent to

‘p_p(t)‘ — e—pate—pcl
p(t)

Now we define a new constant
D := e fC,

such that D > 0 if p — p(t) > 0, and else otherwise. Then, the last equation
reads

p —pot
—— —1=Def%,
p(t)

which implies that

p

)= —— .
P = T Do

This is the general form of a solution of the differential equation (1.2). The
specific solution satisfying p(ty) = t; is obtained by determining D using

p

Po=p(to) = T 5oty Dok

The method, we considered here, is called separation of variables.
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1.2 ODEs with Separable Variables

Definition 1.2.1 An ODE that can be brought into the form

f)y'(t) =g(t), (1.3)

where the function f: R — R only depends on y and not on t, and the function
g: Rs9 — R only depends on t and not on v, is called ordinary differential
equation (of first order) with separable variables.

The general strategy for solving differential equations of this kind, is to
substitute t — v := y(t). Then, since

, _dy
Y=

we can formally multiply (1.3) with dt and obtain the formal equation

f)dy =g(t)dt.

Now we can apply indefinite integrals to both sides and obtain the equation

[rwray= [ swarsc.

where C € R is some constant that appears due to the indefinite integration.
Note, that the first integration is with respect to y and the right hand side
reveals an integration with respect to ¢.

If it is possible to compute the integrals of f and g analytically, we ob-
tain an equation that the solution necessarily has to satisfy. If, in addition,
it is possible to solve this equation for y, we indeed obtain an analytic (gen-
eral) solution of the differential equation.

Example 1.2.2 Consider the ODE
(T~ 12)y'(t) +ty(t) = 0,

where T > 0 is some given constant. This equation has separable variables, but
in the form above they are not yet separated. In order to bring the equation in
the form (1.3), we rewrite the equation as

y'(t) t
y(t) T2 -2’

which is possible for vy # 0 and t = +T. We rewrite this formally as

d_y__ t

, =it
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Now, integration of both sides of the equation leads to
1 2_ .2
ln|y| = §1n|T —t |+C.
Taking the exponential of the equation, we obtain
bl ==,

Replacing the constant e© > 0 by the constant D € R also encoding the sign of

v, we get
y(t) = D|T? - 12| (1.4)

The constant D € R still has to be determined using the initial condition
y(to) = vo. Inserting this condition into the general solution, we see that

v = (ko) = D|T?-13],

p=—2%__ . (1.5)

T2 -]

and therefore

Note that we have assumed during the computation of the solution of the
ODE that yy # 0 and t = £T. It can be easily seen, however, that the derivation
above also covers the situation where yy = 0 and ty # +T. There, the constant
function y = 0 is the unique solution of the ODE, at least until the time reaches
one of the values +T.

The case ty = +T, however, is different. Then, if vy = 0, for every constant
D € R the function (1.4) satisfies the ODE and therefore is a solution. If, how-
evet, yo = 0, then the ODE has no solution at all—then the ODE and the initial
conditions are inconsistent.

Finally, note that all the solutions are valid only locally; that is, there exists
at least a time interval [t(, ty+€) for some € > 0 on which the solution exists and
can be written as (1.4) with D given by (1.5). For general ODEs, this is all that
can be said about the solution. In this special case, one can specify the length of
the interval on which the solution looks like (1.4): If ty > T, then the formula
(1.4) is valid on [ty, +o0). If, however, =T <ty < T, then the solution is

22|
Diy|T2-2| iftelt,T], with {Dlzyo/ T2 ~t5,

y(t) = .
Dy\J|T2 12| ifte[T,+c0),

D, € R arbitrary.

In particular, the solution is only unique up to time T. Similarly, if ty < -T,
then

2 _¢2 1 —
DyJ|T2 12| ifte[ty,-T], Dy =yo/A|T? - 12,

y(t)={D,J|T>- 2| ifte[-T,T], with < D, € R arbitrary,
D; |T2 _ t2| ift €[T,+00), D5 € R arbitrary.
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1.2.1 Homogeneous ODEs
Definition 1.2.3 An ODE of the form

v =f(2). (1.6)

with f: R - R, is called of homogeneous type.

If we are have a homogeneous ODE, we can solve it by starting with the
substitution

For the right hand side of (1.6) we are left with the term f(z). For the left
hand side of (1.6) we use the product rule and obtain

Cdy(r)  d(tz(1)) dz(t)

vy == =g A+t

Thus we have for the variable z the differential equation

z(t) +t2'(t) = f(z(t)).

Now it is easy to see that this ODE is of separable type: We can bring it in
the form

= z(t) + tZ/(t).

z’ 1

flz)—z t°
This ODE can now be solved by integration as in Section 1.2, and we obtain
a solution z(t). At the end, we obtain the solution y by y(t) = tz(t).

Example 1.2.4 Consider the ODE
A
Y _(t) '

It is easy to see that this ODE is homogeneous with f(y/t) = (y/t)?. Using the
substitution y = tz we obtain

z+1t7 =2
and therefore
zZ 1
22—z t
Now, we follow Subsection 1.2 and reformulate this equation to
1 1
——dz=—dt.
zc—z t

Integrating this equation, we obtain the indefinite integral equation

le dz=Jldt+C
z2 -z t
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or by calculating the integrals

-1
an

‘:1n|t|+C.

Now, assuming that t > 0 and z > 1, which depends on the initial condition, we

get
z-1

=Dt
z

for some constant D = e© € R* depending on the initial value. Solving for z we

obtain
1

z(t) =
®) 1-Dt
(note that z is greater than 1) and, after substitution of y =tz

ot
" 1-Dt°

y(t)

For z=1 and z = 0, we get the constant solutions y =t and y = 0, respec-
tively.

1.3 Linear ODEs

Definition 1.3.1 An ODE that can be written as

v'(t)+ f(t)p(t) = g(t)

for some functions f: R — R and g: R — R is called linear ODE of first
order.

Here, first order means that the highest derivative of the unknown
function y that appears in the equation is one. Linear means that all the
expressions are linear in the unknown y and its derivatives.

As in the case of linear algebraic equations, the linearity of an equation
has some implications on the structure of its solutions. To that end we
consider the homogeneous equation!

v'(t)+f(y(t)=0.

If we are given two solutions y; and y, of this equation (with possibly dif-
ferent initial conditions), then

vi(t)+ f(t)y () =0,
Vo(t) + f()pa(t) = 0.

IHomogeneous means that the right hand side of the equation is zero, that is, g = 0
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Consequently also

d
S0 92) + (B +92) =y + (D91 +92+ f ()92 =0,

which shows that also y; + v, is a solution of the ODE. More general, if y;
and y, solve the ODE and ¢y, c; € R, then the linear combination c¢;y; +¢,v;
is also a solution.

In order to solve the (inhomogeneous) equation

y'(H)+ f()p(t) =g(1) (1.7)

we can proceed in two different (but similar) ways.

1.3.1 Integrating factor

We first observe that (1.7) is equivalent to

h(t)y'(t) + h(t)f ()y(t) = h(£)g(t), (1.8)

at least, if h: R — R is a function that is different from zero.

Now the idea is to choose the function & in such a way that the left hand
side of (1.8) is itself a derivative of a different function. More precisely, we
try to find h: R — R such that

d ’ 7
(hy)=hy+hy". (1.9)

h(t)y’(t) +h(t)f () (t) = -

If (1.9) holds, then the equation (1.8) reads as follows,

d

= (hy) = h(t)g (1),

which after integration becomes:
t
h(t)y(t) = f g(s)h(s)ds+C. (1.10)

For this reason, a function h satisfying (1.9) is called an integrating factor
for the ODE (1.7).
Thus, (1.9) is satisfied, if h satisfies

Dividing this equation by y, we see that & has to satisfy the ODE

W= f(t)h.
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This ODE can be solved by separation of the variables, and we obtain the
integrating factor

h(t) = Dexp(ff(s)ds).

Inserting this integrating factor in (1.10), we obtain

Jt[g(s)D exp(fs f(r) dr)]ds +C

y(t) = ,

Dexp(ftf(s)ds)

or, setting C:=C/D,

It[g(s)exp(Jsf(r)dr)]dSJr c
(1) = , : (1.11)
exp(f f(s)ds)

1.3.2 Linear transformation

To obtain a solution of the inhomogeneous equation (1.7), we consider a
linear transformation of the form

y(t) = h(£)Y (2),
for a non-zero and non-constant function 4. Taking the derivative, we get
Y'(t) =K ()Y (1) +h(H)Y'(t),
which together with (1.7) gives
h(t)Y'(8)+ (I (t) + f(H)h(2) Y (t) = g(1). (1.12)
We choose h such that b’ + fh = 0, meaning that / can be written as

h(t)=C; exp(—f f(s)ds).

Then, equation (1.12) takes the form

hOY'() =g(t) = Y’(t):%

We integrate and we consider the special form of h to get

Y(t) = ftg(s)Cfl exp(ff(r)dr)ds +C,.

Then, the general solution of (1.7) is given by

v(t) = h(t)Y( Clexp( ff )U s)Cy exp(j f(r dr)ds+C2],

which is (1.11) for C = C, C,.
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Example 1.3.2 Solve the linear ODE
Y(£)+p(t) = 2cos(t),  (0)=1.
Example 1.3.3 Solve the initial value problem

y'(t)+2p() = g(t), (0)=0,

where
1, fortel0,1
ﬂﬂ={ fortelo1]
0, fort>1

Let us consider an initial value problem (IVP) of the form

y' () +f(y(t)=g(t), tel,

1.13
y(to) =v0, to €L (1.13)

We set

We integrate from t; to ¢

t t
[ eporas= | goeras
to to

resulting to the solution

y(t) = exp(~F(t)) [yo + ft g(s)eﬁ‘”ds],

where ,
F)=F()~F(to)= | f(s)ds.

1.4 Non-linear ODEs of the first order
We consider differential equations of the form

v'(t) = f(t, (1), v(to) = Vo

The main question is when this problem has solution, what is its domain of
definition and if it is unique. In the linear case, the answer is easy, provided
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that the functions f and g in (1.7) are continuous in an open set containing
tO.

Here, we don’t have a form for the general solution and the domain may
has nothing to do with the function f.

For example, the IVP

admits the solution (using separable variables)

1
y(t) = 1—¢

which obviously is not defined for t = 1, something that is not clear from
the initial equation. Remark here that for different initial condition, we get
a different singular point.

Example 1.4.1 Solve the non-linear ODE

2y’ (t) = (2t + p(t)(t).

Hint: set z=7y/t for t # 0.

1.5 Examples of Partial Differential Equations

Definition 1.5.1 A partial differential equation (PDE) is an equation for more
than two different derivatives of a function u(xy,x,,...,x,) on a domain QQ C
R™

Example 1.5.2 For instance

Au Jdu )
ywvtg_x YU OF YUy + Uy =X YU, (1.14)
which actually means
%u du )
= 5\ = \Ay = » ) y Q . 115
yaxz(”“ay(”) x“yu(x,y), for(x,y)€ (1.15)

This is a PDE for a function u(x,y) in two variables.

We use the notation

BT
Trooxh Y oy’
and
Pu 9% d%u 9§—z 3 83_;

YT T o M T Gxay Ty T ax
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The variables x, y are called independent variables and u is called depen-
dent variable.

The order of the differential equation is the order of the highest deriva-
tive of the dependent variables in the differential equation. The PDE (1.15)
is a differential equation of second order. The differential equation

XUy llyyy + u,% =0

is of third order.
Most PDEs with relevance in practice are of first or second order.

Example 1.5.3 1. The electrostatic potential u(x,y,z) which is determined
by a charge density p(x, v, z) satisfies the Poisson equation

AU = Uy + Uyy + Uy, = 470p
A denotes the Laplace operator (in space dimension three).

2. The wave equation is the PDE

1
_utt == Au .
c2

In air, u(x,v,z,t) denotes the density of air at a location (x,v,z) at time t
and c denotes the sound speed.

3. Heat or diffusion equation:
u; = alu,
with some a > 0.

4. The velocity V%, t) = (v1,v,,v3)(X, t) and the pressure p(X,t) of an incom-
pressible fluid as a function of space X = (x,y,z) and time t satisfies the
Navier-Stokes-equations

U+ (V-VV=vAU+Vp, V-U'=0,
for some constant v. In the above equation
V0= (1) + (v2)y + (v3),
denotes the divergence and

v1(v1)x +v2(v1)y +v3(v1);
(V- V)V = [v1(v2)x + v2(v2)y +v3(v2),
v1(V3)x +02(v3)y +v3(v3),

This is a system of four equations with four unknowns.
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Definition 1.5.4 A PDE is called linear if u and its derivative only appear
linearly. More precisely a linear PDE has the form

Lu=b,
where L is a differential operator and b is a given function.

Example 1.5.5 Equation (1.14) is linear with
92

J 2
L—yﬁﬁ—a—y—xy, b=0.

The Poisson equation is linear with L = A and b = 4mp. The wave equation
and the heat equation are linear, respectively. The Navier-Stokes equation is
nonlinear. Another, frequently used nonlinear PDE is the Burger’s equation

Uy+uu, =0.

1.5.1 Conservation Principles

Differential equations are frequently derived from conservation of physical
quantities like mass, energy, temperature and so on. To illustrate this we
consider the temperature distribution in a homogeneous, non insulating
slab of length L. We denote now by u(x, t) the temperature in a point x €
[0,L] at time ¢ > 0.

We are modeling the following principles:

1. Conservation of energy: The time variation of thermal energy in ev-
ery interval [a,b] C [0,L] is equal to the heat flux across a and b.

2. The energy density (energy per length’s unit) is pcu. Here p denotes
the density, c is the specific heat. Both p and c are assumed to be
constant here.

3. Fourier’s law: The heat flux is proportional to the gradient of the
temperature (heat is fluctuating from warm to cold), and the propor-
tionality constant k > 0 is called heat conductivity. That is, we have

d (° du du

' ) pcu(x,t)dx:—k—(a,t)+kax

- (b,1). (1.16)

The left hand side is the variation of the total energy in the slab. The
right hand side is the energy, which migrates in and out of the slab
per time unit. Equation (1.16) should hold for all intervals [a, b]. Thus
by the fundamental theorem of integration we get from (1.16)

b 2
du o0“u
J; (pCE(X,t)dX—kW(X,t) dX—O.
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Because this holds for arbitrary intervals [a,a + €] we see that

&

“el du ’u
OZ—L (pcz(x,t)dx—kﬁ(x,t)) dx
du %u
~ (pCE(ﬂl, t) — kﬁ(ﬂ, t))

This should hold for all a, which gives that

Ju k  d%u
O—E(ﬂ,t)— E W(ﬂ,t)
~——

=a
This is the heat equation in R x R{.

In R3, the derivation from Fourier’s law is similar and is based on the
divergence theorem

ij pcudV:J kVu-ﬁ’dS:kJ AudV
dt Jo 20 0

Ju
g(

resulting to

0= a,t)— ﬁ Au(a,t),
pc

~——
=a

for all a € R®. Here Q is an arbitrary closed subregion of the material
slab and

%u . *u N %u

ox?  dy? 0z?

denotes the Laplace operator.

Au =
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Chapter 2

Numerical Solution of Partial
Differential Equations as
Systems of ODEs

We explain with an example how we can reformulate a partial differential
equation as a system of ordinary differential equations. In this way we
can apply all numerical methods for solving ordinary equations in order to
solve this partial differential equation, such as Euler methods, Runge-Kutta
methods and Adams-Bashforth method.

Example 2.0.6 Let u(x,t), —1 < x <1, be the temperature distribution at time
t in a slab of length | = 2. Assuming constant conductivity o = 1, u satisfies the
heat conduction equation:

Uy = Olyy = Uy, —1<x<1, 0<t<T. (2.1)

This is now a partial differential equation because it depends on deriva-
tives of two variables x,t. By discretization of the x variable we can trans-
form the partial differential equation in a system of ordinary differential
equations.

Let v:[-1,1] — R be an arbitrary function satisfying v(-1) = v(1) = 0,
then we get by integration by parts

1 1 1
J u(t, x)v(x) dx = j Uy (£, x)V(x) dx = —J uy(t, x)vy(x) dx . (2.2)

1 -1 1

We assume that the temperatures u(—1,t) := ug(t) and u(1,t) := uy(t) are
measured. Then, for every ¢t > 0, u(t,x) can be approximated by a linear
spline in space over the grid A = {-1 = xq <xy <... <x, = 1}, that is

ux )= ) pi(tA), (2.3)
i=0

17



18 CHAPTER 2. SOLUTION OF PDES AS SYSTEMS OF ODES

where A; is a linear hat function with peak at x;. Taking into account the
boundary conditions we see that yy = u((t) and y,, = u;(t). All other func-
tions y; are unknowns.

Inserting (2.3) in (2.2) we get a system of differential equations for the
unknowns yy,...,V,_1:

n ) 1 " . ,
;%’(t) .[—1 Ai(x)v(x)dx = - ;Vi(t) Jil Al(x)vy(x)dx,

where we choose v(x) € {Aj(x) : j = 1,..,n — 1}, meaning that v is a hat
function, which satisfies homogeneous boundary conditions.
We denote by

4 1 0 - - 0
1 4 1
hlo0
G=[AiAphsijan1= ¢
0
: 1 4 1
0 1 4
the element mass matrix and by
2 -1 0 0
-1 2 -1
) oA’ 0
A= [(Air/\j>]1si,an—1 =h
0
: -1 2 -1
0 -+« - 0 -1 2

the element stiffness matrix. Then, we get a compact description of the
system
Gy'(1)+ Ay(t) = b(t), (2.4)

where b is an appropriate vector, which depends on u, and u;. To com-
pletely specify the system (2.4) we need also initial values for yy,...,v,_1,
which are typically determined from interpolation of the initial tempera-
ture u(0, x).

The entries in the matrices G and A can be easily computed by specify-
ing the form of the hat function A;. Let

0, x<Xxi_1

X—Xi

==L x € [xi_1, %]
AZ(X) — xij:_x’ 1 M

;X E[x,xi1]

0, X> X1



then, we compute for instance

1
Giio1 = J Aj(x)Ai1(x)dx =

1

and

1

J.d

X—Xi_1 )(xi—x
h h
1
(x)dx_—ﬁ

19
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Chapter 3

Linear Partial Differential
Equations

3.1 Classification of linear PDEs

To keep the presentation simple, we restrict ourselves to linear partial dif-
ferential equations of second order with two variables. Such an equation
for a function u = u(x,y) reads as follows:

Ay, +2Buyy + Cuyy + Duy + Euy + Fu+ G =0. (3.1)
Here A = A(x,v),...,G = G(x,p) are functions.

Definition 3.1.1 A PDE of the form (3.1) is called
* ellipticif AC-B%>0,
e parabolic if AC—B? =0, and

* hyperbolic if AC-B><0.

Example 3.1.2

a) The wave equation
1

Uy —Uyy =0
c2

vy
(note we changed the notation from t to y) is of the from (3.1) with

A=c? B=0, C=-1.

Since AC — B2 = —c™2 <0, the equation is hyperbolic.

b) The Laplace equation
Uy +Uyy =0

21
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is of the from (3.1) with
A=1, B=0, C=1.

Since AC — B> =1 > 0, the equation is elliptic.

c) The heat equation
Uy —Uyy =0

is of the from (3.1) with
A = O, B = 0, C = _]. .
Here, AC — B> = 0. Then, this equation is parabolic.

Remark 3.1.3 1. For the classification, we are interested only on the main
symbol
Allyy + 2Butyy + Cuiyyy,.

These are the terms of the differential equation of highest order (in our
case this is 2).

2. Recall that AC — B? is the determinant of the symmetric matrix

M:(;} g)

Denoting by myy = A, myy = my; = B, my; = C and x; = x, x, =y the
main symbol reads as follows
2

3
ml] 8xi8x]~ '

ij=1

3. If the coefficients A, B, C are not constant, but functions which depend on
x and y in a non-trivial manner, then the type of the partial differential
equation can be different for various points (x,y).

For instance the differential equation
XUy + Uyy =0
is elliptic for x > 0, parabolic for x = 0, and hyperbolic for x < 0.

4. The terminology elliptic, parabolic and hyperbolic is motivated from conic
sections. A curve (X, Y (X)), which satisfies the equation

AX?+2BXY +CY*+DX+EY+F=0 (with constant coefficients)

is either an ellipsis, parabola, or an hyperbola, depending on the sign of
AC — B?. For instance
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e ForA=C=1,B=D=E=0and F = -R? we get
X*+Y?*=R? circle
* ForA=%,C=4,B=D=E=0and F =-1 weget
X? y?
a_2+ﬁ:1' ellipse
°ForA:%,C:—%,B:D:E:OandF:—lweget
X? y?
;—ﬁzl, hyperbola

ForA=1,B=C=D=F=0,and E = -1 we get

Y =X?, parabola

5. A different terminology is used in linear algebra, where quadratic forms
are investigated:

Q(X,Y)=AX?+2BXY +CY?.

We assume that one of the coefficients A, B, C is not identical zero.

* Q is called positive (negative) definite, if Q(X,Y)>0 (Q(X,Y)<0)
forall (X,Y)=(0,0).

* Qs called positive (negative) semi-definite, if Q(X,Y) >0
(Q(X,Y)<0) forall (X,Y)=(0,0).

* If Q is not semidefinite, then it is called indefinite.

Theorem 3.1.4 a) Q is positive or negative (semi-) definite if and only
if AC—B?>0(>0),
b) Q is indefinite iff AC— B> <0,
¢) If AC—B? =0, then Q is semi-definite.

Proof 3.1.5 We first see that for A # 0
Q(X,Y)=AX?+2BXY +CY?

(3.2)

B B2 B2
=A[XZ+2=2XY + —=Y?|+|C-=]Y?
A A2 A2

_ (AX+BY)? LAC- B? 2
A A

a) (=) Let Q be positive definite (the other cases follow analogously).
Then,
A=0Q(1,0)>0, C=Q(0,1)>0. (3.3)

Now, we have two cases:
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1. If B=0, then clearly AC > 0.
2. If B=0, then
A

0<Q(L—%):(AC—B%E7

From (3.3), follows that AC — B? > 0.

(&) Let AC — B2 > 0. Then also AC > 0. From (3.2) we get
sign(A)Q(X,Y) > (AC-B*)Y?>0, XeR,Y=0.

Thus, Q is either positive or negative definite, depending on the sign of A.
If Y =0, we have

sign(A)Q(X,Y) = |AIX?*>0, X =0.

b) follows immediately from a), since Q is semi-definite is equivalent to
AC - B? > 0. Then, Q is indefinite if AC — B < 0.

c) Let AC — B2 = 0. We have two cases:

1. If B=0, then A =0 or C = 0. Without loss of generality, we assume
that C = 0. Then,

’ <0, ifA<0.

That means that Q is semi-definite (positive or negative) depending
on the sign of A.

2. If B#0, then also A and C are non-zero with the same sign. Then

Q(X,Y)=AX?+2BXY +CY?
:s@mA)@MX2+2VACXY+KJYﬁ

=sign(A) (\/WX + \/EY)Z.

That means that Q is semi-definite (positive or negative) depending
on the sign of A.

Applying change of coordinates every quadratic form Q can be trans-
formed to

s X?+Y?if AC-B?>0,

« X2-Y?if AC-B%<0,

* X2if AC-B?=0.
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For instance, let A= C =1 and B = 2. Then,
Q(X,Y)=X%+4XY +Y?
=(X+2Y)?-4Y?+Y?
=(X+2Y)?-3Y?
= (X)) = (Y')?,

where
X' =X+2Yand Y =V3Y.

An important property of the classification, Definition 3.1.1, is that it is
invariant under coordinate transformations. This means, that a coordinate
transformation does not change the type of the differential equation.

Recall the main symbol

Aty + 2Buyy + Cuyy. (3.4)
We consider the change of coordinates:
E=&(xy) n=nlxy)

with

We apply the chain rule
Uy = Ug &y + Uply
Uy = ugdy + iy,
Uyy = ugééf + 2ugy Extlx + ”rm’%% + Lo.t.
Uyy = UggExly + gy (Exty + Eyty) + Uy 1y + LOL.
2 2
Uyy = u,g,géy + 2u5,75y17y + Uty + Lo.t.
Then, the main symbol (3.4) takes the form
A/ugé + ZBlugq + C,qu

with
A’ = A& +2BE, &y +CE)

B = 2A&, 11, + 2B(Extpy + 1xE,) + 2CEy
C’ = An,% + 2B, + qu

To compute A’C’ — B’> we consider the above equation in matrix form

A" B A B
(B/ C/):](B C)]T
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Computing the determinants, we have
A’C’ - B =det(J)*(AC — B?)
and thus the signs coincide. This shows that the type of a PDE does not
change if we apply linear transformations.
3.2 IVP for the wave equation

One of the few cases, where all the solution of a PDE exist explicitly, is the
wave equation. We consider the one-dimensional wave equation

Uy =y, t>0 (3.5)

together with some initial conditions to be specified later. We present the
d’ Alembert solution of the above equation. The idea is to transform (3.5)
into a simpler form that can be solved by a simple integration. To do so, we
transform the independent variables. We change variables

E=x—ct, n=x+ct.
We use the chain rule to compute

Uyy = Ugg + 2Ugy + Uy,

Uy = czugg - 2czug,7 + czu,m.
Then, (3.5) is transformed to (c = 0)
Mg,l =0.

It is easy to find the general solution of this equation by integrating twice.
First we integrate with respect to 5

ug =C(¢&)

where the constant depends on . Now we integrate with respect to £ to get

3
u(&,n) = J C(s)ds+G(n) =F(&)+G(n)
Then all solutions admit the general form
u(x,t) = F(x —ct)+ G(x + ct), (3.6)

for given F,G € C2. A solution of the wave equation is a superposition of
two waves traveling at opposite directions. For example, the function F(x—
ct) describes one wave traveling to the right.
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A typical initial values problem for the wave equation has the form

U (%, 1) = gy (x,8), t>0
u(x,0) = f(x), (3.7)

In order to find the solution of the IVP (3.7) for given f and g we con-
sider (3.6) and the initial conditions

F(x)+G(x) = f(x), c(-F'(x)+G'(x)) = g(x),

using that %P(x —ct) = F'(x — ct)(—c). We take the derivative of the first
equation and we solve the system of equations for F” and G’ to obtain

1

F'(3) = 5f ()~ 58l

: 0, G0 =5 )+ gl

We integrate both equations

2 2c
L 5.8
6= 370+ 5 | stidy=c.

where the constant C is such that the initial condition F(x) + G(x) = f(x) is
satisfied. Combining (3.8) with (3.6) we have that the solution of the IVP
(3.7) for the one-dimensional wave equation is given by

x+ct

)= (=t glasen e o | gy

x—ct

3.3 Characteristics

The following considerations make evident the importance of the classifi-
cation of differential equations.
Firstly, we consider an ordinary differential equation:

u”(x) = F(x,u(x),u’(x)).

Suppose that u(xg) and u’(xy) are known at a point x(, then using Taylor
series expansion

u(xg + Ax) ~ u(xg) + u'(xg)Ax,
u'(xg + Ax) =~ u'(xg) + u”(xg)Ax
= 1/(x) + F(xq, u(xg), u’(x0))Ax .
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The above equations get exact as Ax — 0. That is, the solution of the dif-
ferential equation can be determined approximately from the values at x;.
In the following we apply this idea to partial differential equations: We use
the linearization:

u(xo + Ax, 90 + Ap) = u(xo, Vo) + iy (X0, Vo) Ax + 11, (x0, V) Ay -

But we need also approximations for higher order derivatives which can be
derived by approximating u,:

Uy (x0 + Ax, 9o + AY) = 1 (X0, Vo) + txx (X0, Y0)AX + 1y (X0, Y0)AY,
uy(xg + Ax, 9o + Ap) = 1y (x0, Yo) + tyx (X0, Y0) AX + Uyy (X0, Y0)AY -

This means that if you know the function value u at (xy,79) and deriva-
tives of up to second order at (x(,yp), then one knows also u and it’s first
derivatives in a neighborhood, that is at (xo + Ax, yg + Ayp).

This idea is generalized now to the PDE (3.1)

Aty + 2Buyy + Cuyy = -Duy —Euy, - Fu -G,

We now assume that we know u,, u, and u on a curve (not just on
(x0,90)), with tangential directions v’ for every point on the curve. Then we
also know the tangential derivatives of u, and u, in tangential direction v’
on the curve:

Mx(xo + ti)) — ux(xO)

: . uy(xo + V) — 1y (xp)
Dyu, = hné " , and Dgu, = hn& Y ; 4 .
t— t—

The tangential derivative can be expressed as
— —
Dyu, =Vuy-v, Dgu, =Vu, -v.
And therefore
Vylyy + Vollyy = Dyiiy,
VyUyy + Vallyy = Dy, .

To summarize, we know that for a given curve with tangential direction v’
and given u,, Uy and u on a part of the curve, the second order derivatives
can be determined from the system

V] Uyt V2l = Dyu,,
Viliyyt  Volyy = D?“y: (3.9)

Aty +2Buyy+  Cuyy=-Duy—Euy—Fu-G.
This linear system has a unique solution if

A 2B C
0=det|vy vy O :Av§—2Bv1v2+Cv12 =: Q(vy,-17) (3.10)
0 V1 Vp
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This means that we can solve the PDE (locally around a point on the curve)
exactly.
Now, we reformulate the function Q:

Q(vy,—vy) = Av% —2Bvyvy + Cvl2

B C
= A(v% —-2—vvy + —1)12)

A A
B B2 C
:A((VZ—Zvl)z—(p—Z)vlz)
_ AC-B?
:ZA(V2+TV12)

Depending on the sign of AC — B? we get different cases:

1. Elliptic: In this case AC > B2, which in particular implies that A = 0.
Then Q(v,,—v;) = 0 implies that v, = v; = 0, and consequently v; =
Vy = 0.

2. Hyperbolic: Now AC < B2 If A = 0, every ¥ solves Q(v,,—v;) = 0. If
A =0, then 7is a solution of Q(v,,—v;) =0 if

Uy =+ B_2 — E
27N Az T A
Thus there exists a one-dimensional solution space, and thus the sys-
tem (3.9) has nontrivial solutions too. That means that the solution
of the PDE is not uniquely determined by the values u,u,,u, on the
curve with tangent vector v. Curves with such a property are called
characteristics.

3. Parabolic: Here AC = B?. If A = 0, every ¥ is a solution of Q(v,,—v;) =
0.If A=0, then vy, = %vl is the solution of Q(v,,—v{) = 0.

Because 77 = (v, —v1) is the normal vector to the tangent we get the fol-
lowing definition of characteristics:

Definition 3.3.1 Let AC —B? < 0. A curve in the xy-plane is called character-
istics of the hyperbolic PDE (3.1) if the normal vector it = (ny,n,) satisfies in
every point the equation

An? +2Bnny +Cn3=0.
Example 3.3.2 The characteristics of the equation

Upx = Uyy =0, (A=1,C=-1,B=0)



30 CHAPTER 3. LINEAR PDES

are the curves, where the normal vector satisfies
2_ 2 _
ny—-n5=0.

That is ny = +n,. These are the lines x +y = const. In this case the solution
space Q(vy,—vy) is a one dimensional linear space.

If we identify vy with time t, this is the standard wave equation. The char-
acteristics x £t = const are the lines, where the waves propagate: If we consider
waves, which move to the right, then this waves are given by

u(x,t)=F(x—t).

Note, that on the characteristics the value is constant, and from this value the
solution cannot be determined in normal direction. The ones which move to the
left are

u(x,t)=G(x+t).

In general the waves are of the form
u(x,t)=F(x—t)+ G(x+1).
This example makes clear the role of characteristics.
Example 3.3.3 Solve the PDE
Uy + 4tlyy + 41y, =0
using the method of characteristics.

The following example shows that a initial value problem for a hyper-
bolic PDE, can be well defined only if the curve, where the initial condi-
tions are given, is not a characteristic.

Example 3.3.4 Consider the IVP for u(x,t):

Here A = C = 0 and B = 1. The characteristics are the curves where nyn, =
0. The curve where the initial conditions are given is the x—axis with normal
vector, for example, it = (0,1). Then, the x—axis is a characteristic and the IVP
is not well defined (not unique solution).

For example, let f = g = 0. Obviously, one solution is the trivial u(x,t) =0,
but also the function u(x,t) = t* is a solution. In general all the functions of the
form u(x, t) = F(t), with F(0) = F’(0) = 0 are solutions.
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3.3.1 Characteristics for linear PDEs of the first order
We consider a PDE of the form:

Aty +Buy, +Cu+D =0.

Similar to second order PDE, we want to see if the knowledge of u on
a curve implies, together with the PDE, the knowledge of the solution in a
neighborhood of the curve.

Thus, we compute the first derivatives at a point (xg, () using the PDE
and similar to (3.9) we obtain the system

Auy+Buy, =-Cu-D
(3.11)
Vil +Vouy = Dyu.

This system has a solution if Av, — Bvy # 0. Then the characteristics are
defined by the equation Av, — Bv; = 0. We parametrize the curve s —
(x(s),(s)), and the tangential vector is ' = (dx/ds,dy/ds). Then, the equa-
tion for the characteristic reads

4x_
dy B’
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Chapter 4

Boundary Value Problems -
Finite Difference Method

4.1 Ordinary Differential Equations

For motivating purposes we study first boundary value problems for ordi-
nary differential equations:

(4.1)

It can be shown that this differential equation has a unique solution pro-
vided that
c(x) =0, Vxe(0,1),

and this will be assumed in the following. Here, for the numerical solution,
we consider the finite difference methods (FDM). Later, we will investigate
the finite element methods (FEM).

To simplify the presentation, we consider an equidistant grid

Ap={x;=ih:i=1,...,n-1,h=1/n} C(0,1). (4.2)

We denote by
= (u(xy),...,u(x,_1)) e R"! (4.3)

the vector of the exact solution u of (4.1) on the grid A, (4.2). In addition,
we assume Dirichlet boundary conditions

0=u(xg)=u(x,)=0.
For the numerical solution we search for an approximating vector
- -1
iy = (up,...,u,_1) e R". (4.4)

For this purpose we discretize L from (4.1) by approximating the deriva-
tives of u at the positions x = x; via difference quotients. Thereby we have
several alternatives:

33
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* One-sided forward-difference operator:

u(x+h)—u(x)

Dy [u](x) = p ~u'(x).
* One-sided backward-difference operator:
_ u(x)—u(x—nh ,
Dy [u)(x) = I

h
* Central difference quotient:

u(x+h)—u(x—h)

Dp[u](x) = T

~u'(x). (4.5)

Moreover, the second derivative can be approximated by a central differ-
ence quotient
u(x+h)—2u(x)+u(x—h)

D [u](x) = ® ~u”(x). (4.6)

As we are going to see later the first two approximations admit a trun-
cation error of order & and the last two of order h?.

Example 4.1.1 We study a simple case of (4.1) for b=c =0, that is

-u”=f, in(0,1)

(4.7)
u(0)=u(l)=0.
We approximate u” by le[u] at the nodal points of Aj,. Taking into account
the Dirichlet boundary conditions u(xy) = u(x,) = 0 we get the discretized equa-
tion:

fx1) u”(xy) 2 -1 0 u(xy)
fa) | w2 | 1|1 2 u(xy)
2 E SR | -
f(xn—l) u”(xn—l) 0 -1 2 u(xn—l)
:;f =L i

Since we approximate it by iy, we use the following linear equation to de-
termine if),:

—

Lyity = f . (4.8)

The eigenvalues of Ly, are given by
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The function sinc(x) := %(x) is monotonically decreasing in [0,7t/2] such that
) . (T 2
sinc(x) > smc(E) = Vx e [0,7/2],

which implies that:

L0 = = max ]
BT Amin(Ly)  1sksn1 4sin?(khr/2) 4
Consequently,
17— @l = L5, (Lot = Fll2
< 1L, I lLwid = £ (4.9)
1 R
< it fll.

Definition 4.1.2 The FD scheme
Ly[ul(x;)=f(x;), i=1,.,n-1

is said to be consistent with the PDE (4.1) if for every smooth solution u the
truncation error

€;:= Lp[u](x;) = f(x;)

tends to zero as h — 0, meaning

lim ||€)]lo =0, where &, =(€1,...,€,-1)"
h—0

Moreover, if there exist a constant C > 0, independent of u,u’,u” and a given
ho > 0 such that for every h € (0, hy) :

l€nll < CHP,  p>0,
the FD scheme is accurate of order p for the norm || - ||.

Then, if the FD scheme is consistent and there exists an estimate of the
form (4.9), consistency implies stability. Consistency and stability imposes
convergence.

In the following we determine error estimates for the different quo-
tients presented before.

Lemma 4.1.3 Let x € [h,1—h].

e Ifu € C?[0,1], for the one-sided difference quotients we have the estimate

|Dﬁ[u](x) - u'(X)| < Sl lleoh -

N =
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e Ifu € C3[0,1], for a central difference quotient we have

|Dulu](x) — 1/ (x)| < Zllu”loh? .

O\ —

o If u € C*[0,1], the central difference quotient D}f satisfies

7 1 777
[D7[](x) = ()] < 5l llooh® (4.10)

Proof 4.1.4 We prove the assertion for the central difference quotient. Let u €
C3[0,1], then it follows from Taylor expansion around x € (0,1):

u(x+h) = u(x)+hu'(x) + %h2u”(x) + %h%"'(g),
u(x—h) = u(x)—hu'(x) + %hzu”(x) - éhSu”’(C_),
for some C.. satisfying x —h < C_ < x <, <x+ h. Therefore
(e )l ) = 2’ (0) + P (C) + (),

and thus

u(x+h)—u(x—h)
2h

—u'(x)

L.
< Eh sup{

w”(C)|:Cefo,11},
which gives the assertion.

Example 4.1.5 Considering again the example 4.1.1 we find that, provided
that the solution of the differential equation is four times continuously differ-
entiable, that

- -

— —> 1
1Ly = flloo = IDL ] = flloo < 5 1™ llooh® = Ellf"llooh2 :

1
L
In the following we discretize the operator L defined in (4.1). We use the
discretization Dﬁ[u] for approximating u”. Moreover, the first derivative
is approximated by one of the difference quotients D, [u], D, [u], Dy[u],
resulting to different tridiagonal matrices:

dl S1 0
L,=h2|"? 4 e R-Dx(n=1) (4.11)
' Sn-2
0 -1 dn—l

where
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* if we use D/, then
d; = 2 —hb(x;) + h%c(x;),
r,=-1, (4.].2)
S; = -1+ hb(Xl‘),
e if we use D, , then
d; = 2+ hb(x;) + h%c(x;),
r; =—-1-hb(x;), (4.13)
S = -1 R
* and if we use Dy, then
di = 2+ h%c(x;),
r;=-1-hb(x;)/2, (4.14)
s; =—1+hb(x;)/2.

The approximated solution is determined as the solution of the linear sys-
tem (4.8).

Theorem 4.1.6 Let the solution of the BVP (4.1) be four times continuously
differentiable (which is for instance the case if b, c, f are twice continuously dif-
ferentiable). Then the FD method (4.8) has the order of accuracy:

* g = 2, if the central difference quotient Dy, is used for approximating u’,
or
* q =1, if the forward or backward difference quotients Dj are used for

approximating u’.

Remark 4.1.7 Consistency depends on the choice of the norm. This happens
because n is related to h. For example, the consistent FD scheme for Dﬁ is of
order two in the infinity norm but it gives

I€xlly = O(h), and  ||&ll, = O(h>'?).
Example 4.1.8 a) We consider the one-dimensional BVP (elliptic)
Llul]=-u"+cu=f, inQ=(0,1)
u(0)=a (4.15)
u(l)="o,
with Dirichlet boundary conditions, for a,b € R and c, f € C[0,1]. Using the
above analysis we end up with the system
2+ h%c(xq) -1 0 u(x) Flx)+
1 -1 2+h%c(xy) u(x;) f(x2)

—

0 -1 2+ hZC(xn,l) u(xn—l) f(xn—l) + %
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If ¢ > 0, then we see that the symmetric matrix Ly, is also positive definite, which
means that the inverse exists.
b) In the case of Neumann boundary conditions, we have

Lul=-u"+cu=f, inQ=(0,1)
u'(0)=a (4.16)
u'(1)=b.
Here, a solution exists if ¢ > cq > 0 for all x € [0,1]. To discretize the boundary

conditions we consider the forward difference quotient for the BS at zero and the
backward difference quotient for the BS at x =1

—a, u’(l)zwzb’

resulting to
u(xg)—u(xy)=-ha, —u(x,_1)+u(x,)="hb

at the grid points. Then, we obtain the augmented system

o i) (4
ulx X
p [ 2+hel) uxn) | | FGo)
P '._ '.' _1 . = ’
-1 2+h%c(x,_1) -1
0 _1 1 1 ub(lj(c;;;) f(xg—l)

where now Ly, € RUDX"+1) This FD scheme is also accurate but of first order.
To improve consistence, we can use central differences at the boundary condi-
tions to get consistence of the second order (in the infinity norm) but then we
increase the number of unknowns.

4.2 Partial Differential Equations

4.2.1 One-dimensional FDM
We consider the one-dimensional heat equation for u(x,t):

2
L[u]:%—a%:(), xe€eQ=(0,1),t>0
u(x,0)=ug(x), x€Q

u(l,t)=u(0,t)=0,

(4.17)

where a > 0 and u € C[0,1]. We consider the same equidistant grid A, for
the spatial variable x and a regular grid for the time variable ¢

tk = ks, for keN,s>0.
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Then the initial conditions read

u](.) = u(xj,to) =up(xj), j=0,.,n

and the boundary conditions take the form

ub=uk=0, keN.

We consider the forward difference quotient for the time derivative and
the central quotient for the second spatial derivative

Then, the discretized version of the BVP (4.17) reads

k+1 k k k k
Ut — " us o —2us+u;
j - j_ hzf 7L _y, j=1,.,n-1,k>0
u](.) = uo(xj), ] = 1,...,1’[—1 (4'18)
ué” :ul,i+1 =0, k>0.

The above equation can be written in the form

k+1_ka_5(k_ k k)
u; _uj+h2 Ui 2uj+u].71,

which is an explicit scheme (with respect to the time variable).

Definition 4.2.1 The FD scheme (4.18) is consistent with the partial differen-
tial operator L = d; —ad,, if for every smooth solution u the truncation error

en[ul(x£) = u(x,t+6;—u(x,t) _au(x+h,t)—Zul(jzc,t)+u(x—h,t) ~L{u](x, 1)

tends to zero as 0,h — 0, independently.
Moreover, if there exist a constant C > 0, independent of u and its deriva-
tives, such that
len[ullles < C(hP + %), p>0,q9>0,

the scheme is said to be accurate of order p in space and of order q in time.

Theorem 4.2.2 If u € C*%([0,1],[0, T)), then the explicit scheme (4.18) is con-
sistent, first order accurate in time and second order in space.
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We consider now an one-dimensional hyperbolic PDE. The simplest
conservation equation is the transport equation

u; =—au,, x€R,t>0, (4.19)
where we assume a > 0. The case a < 0 can be treated in an analogous

manner by considering i (x, t) = u(-x,t).
For a given initial value

u(x,0) = ug(x) (4.20)
the solution of (4.19) is given analytically by
u(x,t) = ug(x —at).

For the sake of simplicity we again assume an equidistant grid with
step size h in space and ¢ in time, respectively. In this way we get a two-
dimensional cartesian grid:

{xj=jh:jeZ}x{t* =ks: ke No} CRxR{. (4.21)

) . k k
In each node we determine an approximate value uj ~ u(x;j,t*). To approx-

imate the time derivative we use the forward difference quotient

k+1 k
u' — U
] ]

0

For the discretization of the spatial derivative we use one of the quotients
Dy, D; and D, . The initial condition reads

k
u(xj, t°) ~

u%:=u(x

If we choose D;lr, we obtain the explicit scheme

o = ).
In general we obtain the following compact form of the iterative scheme
uk+l = Ak, (4.22)

where
0
d s
An = 7 Erl csi s '
rod
0

with constant entries depending on the choice of the difference scheme:



4.2. PARTIAL DIFFERENTIAL EQUATIONS 41

* if we use D/, then

d:1+§, r=0, SZ_%’
e if we use Dy, then
ao ao
d=1 T 7_7, s=0,
* and if we use Dy, then
ao ad
:1, = —, = ——
d T ST o

Definition 4.2.3 The FD scheme (4.22) is stable if for all T > 0 there exists a
constant Ct > 0 such that

ANl < Cp,  forall k6, with 0<ks<T.

The last case (Dj,), results to a scheme with O(5 + h?) local truncation
error but is unconditionally unstable. The first two cases are first order
accurate in time and space but are stable under suitable conditions.

If a >0, we use D, and if a < 0 we use D;. This algorithm is called
upwind -schemes since the difference quotient to be used depend on the co-
efficient. The name comes form the fact that the transport equation also
describes wind. Therefore, different difference quotients are used depend-
ing on the wind orientation.

The upwind scheme needs no numerical boundary condition and is sta-
ble if the Courant-Friedrichs-Lewy (CFL) condition

h

0< —
a

s

is satisfied.

4.2.2 Two-dimensional FDM

We consider the two-dimensional Poisson equation for u(x,y) in R?:

-Au = f, xe€Q cR?

(4.23)
u=g, xe€dQ,
where () is a bounded, connected and open domain.

Theorem 4.2.4 The Poisson problem (4.23) admits a unique solution, if it ex-
ists.
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For the homogeneous case f = 0, the solution is given using separable
variables. We specify the domain as the unit square: (O = {(x,9): 0 <x,p <
1} and the boundary conditions

u(0,9)=u(l,y)=0, 0<y<l
u(x,0)=0, 0<x<1 (4.24)
u(x,1)=g(x), 0<x<1,

for ¢ € C1[0,1]. We discretize the unit square using a set of grid points
Qp ={(xj, %) = (jh,kh), 0 < j,k <mn},

with spacing h = 1/n. Then the set ()}, contains (n + 1)? grid points, (1 —1)?
are interior points and 4n points are located on the boundary.

We define the five-points discrete Laplace operator that acts at every
interior point

1
Ap[u](xj, yx) = W (=4 e+ 1o+ U+ Ut + kst

where u; 1= u(xj, ).

Theorem 4.2.5 Let u € C*(Q). Then for every 1 < j,k < n—1, we get

)

Thus, the discrete Laplacian Ay, is a consistent second order approximation of
the Laplace operator.

7
dy*

*u

ox4 "

h2
Au (e, p) = Aplu](xj, i)l < 15 mgx(

Then, the FD scheme of the problem (4.23) is to find uy, : Q,—>Rasa
solution of

—Ap[up)(xj,9k) = f(xj,9¢), forall (x;,3x) € Qy

(4.25)
un(xj,yx) = g(xj,9x), for all (xj,x) € Iy,

This leads to a system of (n— 1) x (n— 1) linear equations for the (n—1)?
unknowns (interior points). Now, in contrast to the one-dimensional case,
uy is a matrix and we have to rearrange its values as a column vector in
order to obtain a linear system. To do so, we write the grid points according
to the increasing order of the indices j,k (from the left to right and from
the bottom to top).

The discrete problem takes the following form

Apty = by,
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where
L -1 O 0
-1 L -I
Ah =0 o le R(n—l)zx(n—l)Q,
: . -1 L -I
o --- 0 -1 L

with 0 the (n—1) x (n—1) null matrix, I the (n—1) x (n—1) identity matrix
and

4 -1 0 -~ O
-1 4 -1
L= 0o . . 0 G]R(n—l)x(n—l)'
: .o =-1 4 -1
0 . 0 -1 4
Here
. 12
1Ty = (W11 eeer Ut g1 U2, 1 o Ut ooy U1 ) € RO
and

1
fi1+32(801 +81,0)
fip+ hl—zgo,z

1
fiu-1+ 72(80,n-1 + &u-1,0)
_ fo1+ 1 (n—1)?
by, = 21t 7282,0 eR ,

f2.2

1
fon-1+ 2 82,n-1

where f; = f(x;,9¢) and gj x := g(x},9x). The symmetric matrix Ay, is again
positive definite (well-posed problem) and the inverse is also bounded

A< 1/2,

thus we have a convergent scheme.

The FD method can be extended to three dimensions without any fur-
ther difficulty. However, the exponential increase of the matrix size makes
this method not practical in more than two dimensions.
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Chapter 5

PDEs - Finite Element Methods

In this chapter we consider finite element methods (FEM) for the solution
of elliptic differential equations. Initially, we consider one-dimensional
problems and then two-dimensional problems. The domain Q, where we
solve the partial differential equation is bounded and connected and has
piecewise linear boundary I'.

5.1 One-dimensional problems

The basis of finite element methods are weak solutions. We just give a short
sketch of the basics of this theory:

Definition 5.1.1 The space H'(Q)) denotes the space of square integrable func-
tions with square integrable derivatives and the inner product

(u, V)1 (Q) = J;) u'(x)v'(x)dx + f u(x)v(x)dx .

Q

The associated norm is denoted by || - ||g1 () and the semi-norm is denoted by

oy = | (07 ds.

The functions u € H'(Q)) are not necessarily continuous in Q, but it
is still possible to define boundary values. Here, we are only interested
on point evaluations of them. Of particular importance is the set of zero-
Dirichlet data:

HY(Q) = {u e H'(Q): ulp =0},

which is a closed linear subspace of H!(Q).
For functions in Hé (Q) the Poincare - Friedrich inequality holds

yolullm o) < lulmqy,  YueHy(Q). (5.1)

45
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After this clarification of notation we are investigating now elliptic dif-
ferential equations of the form:
Let Q =(0,1), f € L?(Q)) and c € L*(Q). Find u that satisfies

—u”(x) +c(x)u(x) = f(x), x€(0,1) (5.2)

A classical solution (referring to standard theory) is one, where the sec-
ond derivative is continuous. Here, we consider weak solutions, using in-
tegration by parts.

To obtain the weak formulation of (5.2) we consider

—L u” (x)v(x)dx + J c(x) x)dx = f f(x)v(x)dx, YveH(Q)

and using integration by parts and that v € H} (Q)

L u(x)v’(x)dx +f c(x) x)dx = f f(x)v(x)dx, YveH(Q).

Let
a(u,v) ::J u’v’dx+f cuvdx,
Q Q

:Lfvdx.

The term a is called bilinear form because it is linear in every component
on V = H'(Q). Moreover, [ is a linear operator on V. With this notation
we have a compact form of the weak formulation of (5.2): Find u € H&(Q)
such that

a(u,v)=1(v), Vv e Hy(Q). (5.3)

Note, that the space H,(Q) is designed such that the solution satisfies ho-
mogeneous Dirichlet conditions.

Definition 5.1.2 Let V be Hilbert space. A bilinear form a: V xV — R is
called

» symmetric, if a(u,v) = a(v,u), forall u,v eV,

* continuous, if there exists a number a,, € R, such that

la(u, v)| < acllullvllvlly,  Yu,veV,

» V-elliptic, if there exists a constant ay > 0 such that

a(v,v) > a0||v||%/, YveV.
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5.1.1 The Ritz and Galerkin methods
We write (5.3) in a general form:

Find u € V such that a(u,v)=1(v), VveV. (5.4)
If a: V xV — R is symmetric, the above problem is equivalent to

Find u € V such that J(u) = in\f/](v) = %a(v,v) —1(v).
ve

The second step is to derive the variational approximation of (5.4). In
the Ritz method, we replace V by a finite dimensional subspace V}, with
dim V;, = n. Then, we solve

Find uy, € Vj, such that J(uy) = inf J(vy).

thVh
Let (¢;)1<j<n be a basis of V}, then we can decompose every uj, € V}, as

n

wy(x)= ) uipj(x) (5.5)
j=1
and the minimization problem admits the matrix form

Find U € R" such that J(U)= Vin}}{ TJWV)=iVTA,V-VTS,
e n
where U = (uy,...,u,)" and Ay, = K, + L, with

-

(Kn)ij = (j)]'qbl'dx (Stiffness matrix)
JQ

r

(Lp)ij = chqu)idx (Mass matrix) (5.6)

J

Gi= [ Foidx
Q

J

The matrix Ay is symmetric and positive definite and thus the func-
tional 7 is quadratic. Then, we have existence and uniqueness of the solu-
tion for the minimization problem.

In the Petrov-Galerkin method, we consider two finite-dimensional spaces
V;, and W), with dim Vj, = dim W), = n, the approximation and the test space,
respectively. Then the discretized version of (5.4) reads

Find uy, € V}, such that a(uy,vy) = l(vy), VYvy,eW,. (5.7)
Let (¢})1<j<n be a basis of V, and (¢;)1<j<, be a basis of W, then we

can decompose every uy € Vj, and v, € Wy, as

n n

w(x)= ) (%), va(x) =) vithi(x) (5.8)

]:1 jZl



48 CHAPTER 5. PDES - FINITE ELEMENT METHODS

and the problem (5.7) admits the matrix form
Find U € R" such that A,U = fj,

where U = (uy,...,u,)" and now

(An)ij = aldy i), (fi): = waidx

If the bilinear form a is symmetric, the Galerkin and Ritz methods are
equivalent.

5.1.2 The Finite Element Methods

We define [Py to be the vector space of polynomials in one variable degree
less or equal to k :

k
Py ={p(x)= Zajxj, ajeR?.
j=0
We consider a uniform mesh : xj = jh,j =0,..,n with h = 1/n. Then, for
0 =xg <x; <..<x, =1 we construct the intervals K; = [x},xj,1].
We define the space of globally continuous affine functions on each in-
terval:
Vi =y € Cl0,1]: mylg, € Py, 0<j<n—1)

and its subspace

Vo = {un € Vi s up(0) = uy(1) = 0},

The space Vh1 is a (n + 1)-dimensional subspace of H!(Q). The space
Vol’h is a (n — 1)—dimensional subspace of Hol(Q). Moreover, every vy, € V&h
can be uniquely written as

=
|
—_

up(x) = ) up(xj)Pj(x), VYx€[0,1], (5.9)
j

Il
—_

for a given basis (¢;)1<j<s-1- Then the variational problem
Find uy, € V&h such that  a(uy,vy) = L(vy), Yo, € Vol’h , (5.10)
can be written as a linear system
Find U, e R" ! such that A,Uj, = f;, (5.11)

where now U, = (3,(x1), ..., up(x-1)) T, Ay € RU-DX(=1) and fpeR" ! areas

n (5.6). If the bilinear form a is V—elliptic, then the matrix A; = K, + L, is
positive definite and we have existence and uniqueness of solution by the
Lax-Milgram lemma.
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Theorem 5.1.3 Let u € Hol(Q) and uy, € Volh, be the solutions of (5.2) and
(5.10), respectively. Then, the FEM (with Lagrange P polynomials) converges,
meaning

lim ||u —u =0.
h_>0|| nllH Q)

We now compute the elements of the matrix Aj, for a basis function of

the form
L xexiiqg,xi]
00 =) 1%
h

, Xe€ [X]',X]'+1],

such that ¢;(x;) = 9;;. We consider the interval K; = [x;,x;,;] where we have
only two non-zero shape functions:

Xji1 — 1
. = ]+1 4 = ——
¢]|K]- - h ’ ¢]’|K]- - h

x-x ]
¢j+1|K]- = Tr ¢j+1|K]- = E

(5.12)

We define then the 2 x 2 stiffness matrix K; and mass matrix £; by

] ] j j
K; :(’C]u ’C]w], z:j:(‘}l ﬁ;z], (5.13)
K2 K% L Ly
where
j X1 , ) j (*j+1 2
Ky = (¢j(x))"dx, Ly = c(x)(j(x))dx,
ij »JX]'
j CXj+1 , , i (Xj+1
K, = ] ¢ (x)P),, (x)dx, L, = c(x)pj(x)pj1(x)dx,  (5.14)
X JX;
j f‘i(j_,,] , ) ] r\;j+1 2
x}, uxj

In the special case of ¢ being constant, c(x) = ¢( for all x € () we get

11 -1 _coh (2 1
/C]-_E(_1 1), 1:]_?(1 2). (5.15)

For the right-hand side f, we have to compute

n-1
(fn)i = J;)f(ﬁidx = ;Ljf(ibidx.

We decompose f = ZZ;% fxPx and then we have to compute the integrals

j Pr(x)pi(x)dx,
K;
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using, for instance, the trapezoidal or Simpson formulas.

The FEM method can also be applied to a Neumann boundary value
problem. Let Q = (0,1), f € L?(Q) and ¢ € L®(Q), such that ¢(x) > ¢y > 0.
Find u that satisfies

—u”(x) +c(x)u(x) = f(x), x€(0,1)

Using integration by parts now we obtain

J ' (x)v”(x)dx — (u'(x)v(x))|p + f c(x)u(x)v(x)dx = J- f(x)v(x)dx
Q Q Q

which together with the Neumann boundary condition results to

J u’(x)v'(x)dx + J c(x)u(x)v(x)dx = J f(x)v(x)dx + bv(1) —av(0).
Q Q Q
The variational problem takes the form

Find U, € R"*! such that A,Uj, = f;,

where now Uy, = (up(Xo), -, un(x,)) 7, (An)ij = a(j, i) € R(1x(+1) and

o= [ Foodx—a,
Q

J

~

(f)i=| foidx, 1<i<n-1

Rie)

(fh)n = f¢ndx+ b

JQ

5.2 Two-dimensional problems

Let now Q € R?, be open and bounded. We define

(u,v)e(Q) = JQ Vu(x)-Vv(x)dx + JQ u(x)v(x)dx .

and the semi-norm
oy = [ Vo dx.

We consider the elliptic differential equation

Llu]:=-V-(cVu)+cu=f, inQ (5.16)
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with Dirichlet boundary conditions
u=0, onl. (5.17)

Aside from some smoothness conditions (which we do not discuss in detail)
essential conditions are the following:

0<0p<0(x)<0sand 0<c(x) <cy -
These conditions guarantee ellipticity.

Using Green’s first identity (partial integration in R) we get the weak
formulation of (5.16)

f fvdx:—f V~(0Vu)vdx+f cuvdx
Q o) Q

:J aVu-Vvdx+f cuvdx—fvaa—uds.
Q Q r dn

Definition 5.2.1 A weak solution of the homogeneous Dirichlet-problem,
that is of (5.16) — (5.17), solves

J fvdx:J- aVu-Vvdx+J cuvdx, VveHé(Q). (5.18)
o) Q o)

Remark 5.2.2 The weak solution is unique.

The inhomogeneous Dirichlet problem consists in solving (5.16) together
with boundary conditions:

u=g, onl. (5.19)
We extend the function g from I' to () and denote such an extension by u,.
With u, we reduce (5.16) — (5.19) to a homogeneous Dirichlet problem. In
fact w := u — ug solves the homogeneous Dirichlet problem
Liw]=f-Llugl,  wlp=0,
The inhomogeneous Dirichlet problem has a unique solution:
Theorem 5.2.3 Let 0,c and f be bounded functions satisfying

0<c(x)<cyoand 0< oy <o(x) <y .

Then, the Dirichlet problem has a unique weak solution.
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The Neumann problem is to solve (5.16) together with boundary condi-
tions

Ju
a% =g, onl. (5.20)

The weak form of (5.16) is again derived by partial integration (using (5.20)):

~
J-fvdx: V~(0Vu)vdx+j cuvdx
o) Ja 0]
i du
= | oVu-Vvdx+ | cuvdx- | vo=—ds
Jo Q r dn
.
= o*Vu-Vvdx+J- cuvdx—jvgds.
JQ Q r

Theorem 5.2.4 Let 0,c and f be bounded functions satisfying
0<cp<c(x)<ce, and 0<0p=<o0(x)<cy-

Then, the Neumann problem has a unique weak solution. For ¢ = 0 we also have
weak solutions, provided that

J-Qfdx:—jrgds. (5.21)

In this case, however, the solution is not unique, and all solutions differ by a
constant. Typically we select the one, which satisfies IQ udx=0.

As before we set

a(u,v) := j Vu -Vvdx+J cuvdx,
Q Q

l(v):= J;) fvdx

and we write (5.16) and (5.17) in a compact form:
Find ueH(Q) suchthat a(u,v)=I(v), YveH(Q). (5.22)
Proposition 5.2.5 Let 0,c and f be bounded functions satisfying
0<c(x)<cCs, and 0<0p<0(x)<0y-
Then a from (5.2) is symmetric and bounded on V = H'(Q) with
Ao = MAX {0, Coo)
and H&(Q)—elliptic with constants
ap = 7/(2200
(yq is the Poincare-Friedrich constant (5.1)). Moreover,

a(v,v)>0, VYveHYQ).
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Proof 5.2.6 To prove boundness, we apply twice the Cauchy-Schwarz inequal-
ity for functions and numbers. Then, for all u,v € H}(Q) we have

J cuvdx
OO(J Vu - Vv|dx+f |uv| dx)

< oo (IVull2 )12 ll20) + 2@l ) )

< o (Il g+ IV ) 101 ) + V01 )
For v € H'(Q) we have:

la(v,v)| = J o |Vvl? dx+J- cv?dx
Q Q
> Goj o |Vv|? dx (5.23)
Q

>0.

la(u,v)| <

J oVu-Vvdx|+

From (5.23) it follows for v € H&(Q) :
a(v,0)1 2 0003 ) = G0VAIIE -

To determine an approximate solution we use again the Galerkin ap-
proach. We select a finite dimensional subspace V}, C Hé(Q) and the varia-
tional problem reads

Find u;, € Vol'h such that a(uy,vy) = l(vy), Yy, € Vol’h . (5.24)
which can be written as a linear system
Find U, e R" ! such that A,U, = f;, (5.25)
where Uy = (up(x1), ..., up(x,-1))T, Ap = (a(¢j, §;));j € RV and f, =
(I{¢:); € R™!

Remark 5.2.7 In order to solve the inhomogeneous Dirichlet problem, we de-
termine a function w : Q) — R, which extends the boundary data onto Q): Then
we are looking for a solution ut of

a(ug+w,v)=1(v), VveH)(Q), (5.26)

the solution of the inhomogeneous problem is then u® + w.
For the Neumann problem the right hand side reads as follows:

:J fvdx + ngds
Q r

and the linear system takes the form

a(u,v)=1v), VveHY Q).
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As in the one-dimensional setting, we need an appropriate ansatz space
Vi, € HY(Q). Typically finite Element methods are based on triangulations
of the domain Q.

Definition 5.2.8 A set of open triangles I = {Ty,..., T} is called regular tri-
angulation of Q, if

1. TNT; =0 Vizj,
2. UL T =0,
3. for i = j we have either
(a) TNT; =0,
(b) T,OT] is a joint vertex of T; and Tj, or
(c) a common edge.
The vertices of the triangle are called corners.

On a triangulation we define linear ansatz functions (in analogy to lin-
ear splines).

Theorem 5.2.9 Let I be a regular triangulation of a polygonal domain Q) with
nodal points x;, i = 1,...,n. Then there exist continuous functions A; : QQ — R,
i=1,...,n, satisfying:

1. Ai(xj)=6;j, 1,j=1,...,m,

2. Aj(x) = Bix + @i - x, for x € Ty with a;; € R?, Bix € R.

The set VI = span{Ay,...,A,) consists of piecewise linear functions with
respect to T. The gradient of an element in V' is piecewise constant and we
have VI € HY(Q).

Definition 5.2.10 The pair (T, V') is called finite elements.

The analog of Lagrange interpolation for finite elements reads as follows:

Theorem 5.2.11 Let T be a regular triangulation of QO C R? with nodal points
{xj:i=1,...,n}. Let {y; :i=1,...,n} be given. Then p(x) =Y ", v;A;(x) € vT
and

Y(xi)=v;, i=1,...,n.
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5.3 Stiffness Matrix

We now focus on how to compute stiffness matrix Ay, given by

(An)i; = aldir ) = L ViV + cpidp;dix. (5.27)

We emphasize that the matrix is sparse. For every triangle Ty € I' the matrix

Sk :(L O'V(PlV(f)]-i-C(Pl(]b]dx) e R™" (5-28)

)

consists of all integrals over the triangle Ty. These matrices S; are called
element stiffness matrices. Because of

Ay ;) = L ViV + ey dx

= iL OV(Pi V(P] + C¢i¢j dx
k=1“"k

we have "
A= Zsk . (5.29)
k=1

To determine the element stiffness matrices we consider the transfor-
mation @ : R? — R? that maps the reference triangle

D={i=(%9):£>0,9>0,2+j<1} (5.30)

onto the triangle T €' with corners a; = (x;, y;)7, 1 =1,2,3, given by

q)(a):a1+3a:(x1)+(x2_x1 x3_x1)(’f).
Y1 V2= ¥3—=Nn/J\Y

Since T is not degenerated, there exists B~! and @ is a 1-1 mapping. We
have in addition |T| = |det(B)||D| = %ldet(B)l. For every v € T we define
¥ € D such that

via)=9(®7(a)) = v(a)=9(a).

Therefore, we have

(D,(d)_(xz—?ﬁ Xs—xl)
V2-91 ¥3-¥1)°

These two vectors are linear independent. Thus d := det(®’) # 0 and we
compute
(D/—l(d):l(y?)_yl Xl—X3).
d\y1-v2 x-x
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Example 5.3.1 We calculate the element stiffness matrix Ky = K;j, for L[u] =
—Au and a triangle T € I with corners ay,a, and as.

We denote by A;, i =1,2,3 the hat functions, with nodal value 1 at x; and
0 else. Recall the property Ai(ﬁ) = Aj(a). Therefore,

Kjj = JV Aj(x)- Vi Aj(x)dx
:J VA i(D(R)) - VoA j(D(%)) |detd’| dit
D
- |d|f O TV A(O()) - (0 TV ((3)) ds
D

The functions A;(D(-)) are again hat functions over D with nodal value 1 at X;

and 0 else. Then
V(A (@)Y (-1 -1
G = | VelAx(@()T|=] 1 0]

Ve(As(@()T) (0 1

Therefore, the integrands K;; are constant on D. Consequently,

(Kij)i] 4] =GPl TGT

1 (Y273 X3—X2
2|d| y3 V1 X1—X3 (

Y2-V3 ¥3—W1 V1—92)€R3x3
—Y2 Xp—Xg

X3—Xp X1—X3 Xp2—X

5.4 Parabolic Differential Equations

In this section we study the numerical solution of parabolic initial value
problems. We consider the following problem

u;+L{u)=f, for (x,t)e QxRY,
u(x,t) =0, for (x,t)eT'xR", (5.31)
u(x,0) = ug(x), for xeQ.

Here u is the initial value and L[u] is defined in (5.16). As before we
associate L with the bilinear form:

a(v,w) = J- oVv-Vw+cvwdx . (5.32)
Q

5.4.1 Method of Lines

We determine for every fixed t > 0 an approximation uy(t) € V}, which
satisfies the equation

J uywdx + a(uy, w J fwdx, YweV,. (5.33)
Q
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The solution uj, can be determined again with a Galerkin approach. For
this purpose we set

uy(t, x) = qu(t)Aj(x). (5.34)
j=1

Let w = A, k =1,...,n then from (5.33) we get the system of differential
equations:

n n
Zn;(t)jQA]-Akdx+ an(t)u(Aj,Ak) = fo(t,x)Akdx, Vk=1,...,n.
=1 =1

(5.35)
We define the vectors
vt =yl e R and o0 = [ goinsar) e
Q k
and we can reformulate the system (5.35) as
Gy =b-Ay, (5.36)

for y(0) = [1;(0)]; € R", where G denotes the Gram’s matrix of the hat func-
tions in L?(QQ) and A = (a(Aj, Ag))jk- An equivalent formulation is

v =Glb-G1Ay. (5.37)
This method is called (vertical) method of lines, because it reduces the PDE
to a system of ordinary differential equations with respect to time.

5.4.2 Crank-Nicolson Method

For the sake of simplicity of presentation we consider an equidistant grid
with step size 7 > 0:
Ar={t;=it:ieNpy}.

We define functions with respect to space

n
uj = ZﬁijAjl
=1

which approximate uy(t;). The values 7;; approximate also the function
values of u at the nodes {x; : j = 1,...,n} of the triangulation I':

171-]~ ~ uh(xj, ti) =~ u(x]-, ti) .

To solve (5.37) in a stable way we use the mid-point integration rule, which
results to

(1+%G—1A)yi+1:(1—%G—1A)yi+rc;—1bi+1,2, i=0,1,2..., (5.38)
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where

bivi2= (JQ fir12Aj dx) , with fig0 = f(ti +7/2).
j
An equivalente formulation of this method is:
T T .
(G+EA)yi+l :(G_EA)yi+Tbi+l/2’ 1=0,1,2..., (539)
Since both G and A are positive definite, G + $A is also for all 7 > 0.

This recursion can be written as a finite dimensional variational problem
for u; .1 € V.

U qwdx+ Ia(u,-Jrl,w) = uiwdx—za(u,-,w)+r fiv1pwdx.
0 2 0 2 0
(5.40)
This is the Crank-Nicolson method.



