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Abstract

While in standard photoacoustic imaging the propagation of sound waves is modeled by the standard wave
equation, our approach is based on a generalized wave equation with variable sound speed and material density,
respectively. In this paper we present an approach for photoacoustic imaging, which in addition to recovering of
the absorption density parameter, the imaging parameter of standard photoacoustics, also allows to reconstruct
the spatially varying sound speed and density, respectively, of the medium. We provide analytical reconstruction
formulas for all three parameters based in a linearized model based on single plane illumination microscopy (SPIM)
techniques.

1. INTRODUCTION

Photoacoustic imaging (PAI) is a novel imaging technique which uses pulsed laser excitation in the visible or infrared

frequency regime to illuminate a specimen and measures the acoustic response of the medium (see [26] and some
mathematical survey references [16, 25, 17]). Mathematical models of standard PAI do not take into account variable
sound speed and elastic material parameters of the medium, such as compressibility and mass density [26]. More

sophisticated models take into account spatially varying sound speed, but assume the sound speed to be known from
measurements of other modalities (like for instance elastography and ultrasound experiments). PAT which takes into
account given spatially varying sound speed and elasticity parameters has been considered in [1, 14, 13, 22, 24, 20, 18,

, 10]. Little is known, how and when it is (at least) theoretically possible, to recover in addition to the photoacoustic
imaging parameter, the absorption density, also sound speed and elastic parameters. The article [15] provided a method
for parallel estimation of the sound speed and the photoacoustic imaging parameter via focusing to planes, which is
called single plane illumination microscopy, for a Born-approximation of the wave equation. We use this paper as a
starting point and extend their model by additonally considering an unknown spatially varying mass density. Parallel
sound speed and photoacoustic imaging parameter estimation has been considered as a nonlinear inverse problem
(without making the assumption of a Born-approximation) in [21, 23, 19].

The main goal of this paper is to perform quantitative imaging in the acoustic regime: The photoacoustic imaging
process consists of three processes, the acoustic wave propagation, the optical illumination and the visco-elastic part to
transform optical energy into acoustic waves. Thus our topic might not be confused with quantitative imaging in the
optical illumination part, where optical parameters of the medium are identified (see e.g. [6, 5, 7, 3, 4, 2, 8]).

In the following we describe the proposed experimental setup. We consider the specimen to be photoacoustically
imaged to be supported in a bounded domain £y C R? embedded into a known environment. To analyse the specimen’s
interior structure via photoacoustic imaging, it is illuminated with a laser pulse. This produces a local light fluence
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P, 9:R3— [0,00) (integrated over the short time interval of the pulse), where we want to assume that the laser can
be tuned in such a way that the function ®,  is mainly supported in a small vicinity of the plane

E.p={recR?|z-0=r}

for some parameters r € [0,00) and 0 € S2. Ideally, we are illuminating only single planes.

According to the photoacoustic effect, the object will absorb at each point parts of the light depending on the spatially
varying absorption coefficient 1 : R® — [0,00) and transform the absorbed energy first into heat, which is then
transformed proportional to the Griineisen parameter v : R? — [0, 00) into a locally varying pressure distribution

P (x) = v(x)u(x) @, 4 ().

To avoid getting signals from everywhere, we want to assume that the absorption is confined to some bounded domain
Q C R?, that is, supp u C Q.

This initial pressure distribution P(®) will then propagate as an elastic wave through the medium. To describe this
wave, we model the object as an elastic body with smooth bulk modulus K : R? — [0, 00) and with a vanishing shear
modulus. Then we know from linear elasticity theory that the stress tensor 0,4 € C?([0,00) x R?; R3*3) as a function
of time and space has the simple form

Or,0:ij (t, LU) = K(Z’) lem UT’Q(L .’E)(Sij7

where u € C3([0,00) x R?; R?) denotes the displacement vector of the material as a function of time and space.
Introducing the mass density p € C1(RR?) of the material, this leads to the equation of motion:

3
p(x)Opurg.i(t, ) = Z Oz;07,0,i5(t, ) = Op, (K (x) divy urg(t, x)). (1.1)
j=1

Moreover, the relation between the displacement vector u, g and the pressure distribution P,y € C?([0,0) x R3) is
given by
P"’ﬂ(ta x) = _K(x) div, U7‘,9(ta .I) (1.2)

To rewrite the equation of motion in terms of the pressure, we take the divergence of (1.1) and obtain
p(x)0 divy upg(t, ) + Vp(x) - Opuro(t, ) = Ay (K (z) divy urg(t, x)).

Using again the equation (1.1), we can rewrite the term Oy u, g on the left hand side as an expression containing u, g
only in the form of div, u, ¢ and find with the relation (1.2) the equation of motion for the pressure P, g:

p(x) Vp(z)
O Pro(t ~VaPro(t,z) = AL Prg(t, x).
K({L‘) it 7“79( ) + p(!E) x 79( z) x ,9( z)
Instead of the bulk modulus K, we use in the following the parameter a(z) = I:((;)), which is the square of the speed of

sound. Then, this can be written in the form

1
p(x)
We complement this equation with the initial conditions that at ¢ = 0, the pressure distribution equals the one generated

by the photoacoustic effect and that there is no initial motion (this corresponds to the assumption that the absorption
and the transformation of heat energy into pressure happens instantaneously):

OuPro(t,r) = p(x)a(x) div, < VmPryg(t,x)> . (1.3a)

O¢Prp(0,z) =0,

)

P,o(0,2) = P9 (x).

)

(1.3b)

Our aim is to reconstruct the product yu of absorption coefficient and Griineisen parameter, the speed of sound +/«,
and the mass density p from measurements

mrﬁ(ta 5) = PT79(t’ g)

of this acoustic wave P, g for all points £ € 99, all times ¢ € [0, 00), and all choices of illumination planes, that is,
for all r € [0,00) and § € S2. In particular, the reconstruction of these parameters also uniquely gives us the bulk
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modulus K = ap, the pressure wave P,y as the solution of the initial value problem (1.3) (provided we know the
light fluence @, ) at every point and time and (under our assumption of vanishing shear modulus) the stress tensor
Or0:ij = —Prodij.

In section 2 we formulate the forward problem, taking into account small perturbations of the acoustic parameters.
We consider an asymptotic expansion of the solution of the acoustic wave equation induced by the deviation of sound
speed and density around known constant functions. Proposition 2.1 combines the zeroth and first order term of
the expansion as an integral operator acting on the initial acoustic pressure wave. The kernel of this operator is of
utmost importance as it contains information about the seeked acoustic parameters. In section 3 we exploit asymptotic
behaviors of this kernel which will be the main tools for the final reconstruction of the parameters and the source.
In the final two sections, section 4 and section 5, we consider the idealized forward problem where we are omitting
the higher order terms of the expansion derived in section 2, which is reasonable when the distortions of the acoustic
parameters become sufficiently small. The single plane illumination method then allows us to extract the product of
the kernel and the source by applying the inverse Radon transform. By combining various measurement data, we are
able to reconstruct the source and the distortions of the sound speed and density.

2. FIRST ORDER APPROXIMATION

To simplify the problem, we will only consider the equation of motion (1.3a) in the case where p and « are small
perturbations of constant functions. To formulate this more precisely, let us introduce an artificial parameter € > 0 and
assume that we have a family of media with parameters

p(r;e) = po +epr(x),
x;e) = ag + eaq (),

A
N
o =
S—

a

smooth and supported in the domain of absorption, that is, supp(pg — p) C 2 and supp(ay — «) C .

with 0 < pe min < p(2;€) < Pemax and 0 < e min < (x;€) < Qe max. The perturbations will be considered sufficiently

Then, we can also expand the solution P, (-, ;&) of the initial value problem (1.3) in e:
PT,@(t7 €3 5) = PT,Q,O(t7 1’) + 5P7",9,1(ta l‘) + EQPT,Q,Q(t7 €3 5)7

where the zeroth and first order terms fulfil

8ttp'f‘,9,0(t7 x) - aOAPT‘,Q,O(ta .T), (2334)
P 0,0(0,2) =0, (2.3b)
Pro0(0,2) = P (2), (2.3¢)
and
(0%
O Prg1(t,x) = apAPrg1(t, ) + 01 (2) AP, g o(t, x) — FSVpl (z) - VProolt,z), (2.4a)
atPr,9,1<0a ‘/E) = 07 (24b)
Prp1(0,2) = 0. (2.4c)

The higher order term satisfies the equation

1
OuPro2(t,z;e) = p(x;e)a(z; €) divy (vaPr79,2(t, x; 6)) + F(t,z;¢), (2.5a)
6tP1",9,2(07 x5 6) = 07 (25b)
P’l‘,072(07 x5 E) = 07 (25C)
where
Fltie) = 2@ = pa@) g o0 Op )+ ar (@) AP (b 2) — 0 ) VP (4 2)
p(x;e) Po p(x;ie)

sheds light on the coupling with the zeroth and first order expansion. The parameters pg and aq are assumed to be
known and we normalise them to pp = 1 and ag = 1 henceforth. The initial value problems (2.3) and (2.4) can be
explicitly solved, see for example [11, Section 2.4, Theorem 2], which gives us the following representation for P, g.
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Proposition 2.1 Let a1, p1 and PT()OQ) be smooth functions. Then, the solution P, g(-,-;€) of the initial value prob-
lem (1.3) with the parameters p and o given by (2.1) and (2.2) with ag = po = 1 has the form

84
Pg(t,x;e) = i (/B ( )K(t,x,y;e)Pr(%) (y)dy) +&%Prpal(t, 7;¢),

where the kernel KC is given by

(t = |y — o)) / 1
Kt,z,y;e) = ————(1—ca1(y)) + eaq(z)dz

t—lz—z]— |z -y z—y
—|—/ eVpi(z) - dz 2.6
oo 167 —allz =y oy 28)
(t— |z — 2] — |z —y|)? z—y
_|_/ eVpi(z) - dz,
P P [ A P
where
E(zy) ={z e R®| [z —a| + |z —y| <t} (2.7)
is the prolate spheroid with focal points x and y and larger semi-azis %, and P, g2 remains bounded,
T
JSup (1Pr0,2(t, s )l mwsr sy + 0 Pro,2(t 5 €) | v (s)) < Ck,T;s/ [E(E, 5 )|l e ms)dt (2.8)
<t< 0

with Cyre = O(1) as e — 0.
Proof: According to [11, Section 2.4, Theorem 2], the solution P, g ¢ of the initial value problem (2.3) is given by

(0)
o (1 (0) 0? / P (y)
Pooolt,r) = — | — P d = =W 29
7‘970( 33) 875 <47Tt /(;)Bt(x) r,0 (y) s(y) at2 Bi(z) 47T|y—x‘ Y ( )

where we used the coarea formula to write the surface integral over the sphere as the derivative of the integral over the
ball.

Similarly, the solution P, g1 of (2.4) is explicitly known, see for example [11, Section 2.4, Theorem 4|, and we have

¢ 1
Proa(t.z) = / b / (1) APy o.0(r, ) — Vpr(y) - VProo(rsy)) ds(y)dr
o 4m(t—7) Joap,_.(x)

1
= / ———— (1 (y)APgo(t — |y —z|,y) = Vp1(y) - VP oot — |y — z[,y)) dy. (2.10)
By (w) 47|y — 2|

To write this as an integral operator on Pf%), we integrate by parts to pull all derivatives acting on P, 99 to the other
terms.

e For the first term, we use that P, g is a solution of (2.3) and get

/ a1 (Y)AP, g 0(t — |y —x|,y) dy
By (x) 47T|y - fE|

o 0 / al(y)atprﬁ,()(t_ |y_x|7y)d
=3 Y
ot \ JB,(2) dr|y — x|

(0)

2 ey — P

_ 82 / al(y)PTﬂ,O(t |y :c|,y) dy | — Q / al(y) r,0 (y) ds(y) ] (2'11)
ot* \ JB, (@) drly — x| ot \ Jop, () 4rly — |

To reduce P, g in the first summand to a term involving only the initial data Pé%), we write, according to (2.9),
0
0
() 4mly — x|

t T
Pr,g’():(r“)ttpr’g’o With Png,o(t,x):/ / Pr,g’o(Tl,x)dTldTZ/ dy. (2.12)
0 Jo B

Then, we pull the two time derivatives outside the integral and find because of 8,515,«7970(0, x) = 15,«,970(0, z) =0 for
the first integral in (2.11) that

/ a1(y)Prgolt — |y — x|, y) dy = 92 </ a1(y)Proo(t — |y — x|, y) dy) _ (2.13)
By (z) By (x)

drr|ly — x| T o2 drr|ly — x|
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e For the second term in (2.10), we write P, g in the form (2.12) and pull the time derivatives out of the integral
to get

/ Vpi1(y) VP golt—|y—x|y) dy
Bi(x) 4y — x|

(0)
0 / 1 VP (2)
= S Voi(y) —2 " dedy | . (2.14
aﬂ(&(,) 62y —al Js i Y Tl (2.14)

Applying the divergence theorem to the inner integral, we obtain that

(0)
VP (%)
/ Vpi(y) - %dz
Bt—\y—z\(y) y
2—y PY2)

=Y (0)
- Vorly) - as(z) + | Voiy) PO )z (2.15)
/é)B,ym|(y) Jz =yl [z =yl Bo_jysi(4) |z —y[3" °

We now insert (2.12) into (2.13) and this into (2.11). Moreover, we combine (2.15) with (2.14). The results, we then
put into (2.10) and obtain the expression

“1W)Ps () 0 )P )
Pr t x / / r dzd g / 77,6[8
BT ( Bu(@) JBo i) 167y — allz — ] V)" o oBi(x) ATly — x| )
", ds(z)dy (2.16)
o </B z>/aBt ) 1672 o V) P ) )

1

t—ly—o| (Y

Combining the formulas (2.9) and (2.16) and replacing the surface integrals again with the coarea formula with time
derivatives of integrals over the corresponding balls, we find that

2 1- P
Proolt.) 4 ePror(tia) = ( / (1 - cn () P9 (2) dz)
By (x)

ot? 47|z — x|
9" / / ear(y) Py (2) dedy
o \ U,y I B, () 1672y — 2]z — ¥
o? / / 1 z—y
- = eVpi(y) - o (z)dzdy
aﬁ(B,(w) o g —ale =g W) g Fro ()

1 Z—=Y _(0)
eVpi(y) - —=P.j(z)dzdy | .
</B>/B i 67Ty —alls —gP= VW) =y P )

t—ly—a| (Y

(2.17)

Remarking that we can explicitly calculate the primitive functions with respect to time of these integrals, for example:

// / F(z,y,z dzdydf—// (z,y,2 /X[oOo)(T—Iy—x\ |z — y|)drdzdy
B (m) B, _ ly— m\(y) R3 JR3

/ / a2 DF Gy, 2) ey
Bi(z) /By

y—z|(

we integrate the result four times with respect to time to get rid of the time derivatives and then interchange the order
of integration. This yields the expression

84
Proo(t,z) +ePrgi(t,z) = 70 </ e )’C(tw’Z;E)Pf’%}(z)dz)

with the kernel K given by (2.6).

For the estimate of the higher order term we refer to [12, Section 23.2, Lemma 23.2.1]. Note that the coefficients of the
homogeneous part of equation (2.5) depend continuously on e. In the limit case e = 0, equation (2.5) results in the
non-homogeneous wave equation with constant sound speed. O
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3. PROPERTIES OF THE KERNEL

We want to study in this section the kernel K defined in (2.6). In particular, we are interested in the behaviour of
K(t,z,y;e) when t gets much larger than the support of the involved functions oy and p; and in the limit when ¢
approaches the distance |y — x| from above (the kernel vanishes for t < |y — z|).

For large values of ¢, the change in the domain & (x,y) as t varies does not change the value of the integral and K
behaves as a quadratic polynomial in ¢. Explicitly, we get with this argument the following expansion in .

Lemma 3.1 Let a; € C.(R?), p1 € CL(R?), and K be defined by (2.6). For arbitrary values z,y € R?, let Ty, > 0 be
chosen so that &, (x,y) D supp p1 Usupp a;.

Then, we have for all t > T, , the relation

1— 1 _
K(t,z,y;¢) = ( ca(y) +/ eVpi(z) - Zydz) 2
R |z — |

8|y — x| s 3272 |z — x|z — y|?
1@+ m®), | ly—2ld —con(y)) (3.1)
47 8w
1 |z —2)? — |2 —y|? -y
d : dz.
L e e ALO L B e e G B e T

Proof: We replace in (2.6) the integration over &;(x,y) with the integral over R3, which does not change the value
of the integral, since we have supp py Usuppay C ér, ,(z,y) C &i(x,y), and reorder the terms as coefficients of a
polynomial in ¢. This yields

1— 1 —
K(t, z,y;e) = ( con(y) +/ eVpi(z) - S dz) t2
R |z =yl

8|y — x| s 3272 |z — x|z — y|?

1—eai(y) / 1 z—y
_ (=== - - RGN Yo I
(2 [ g o
ly — x|(1 — e (y)) / !
d
+ 8w * R3 16ﬁ2|z—m|\z—y|€a1(z) :

PP — ey
eV . d
+A¥3%ﬂz—ﬂb—yP ) s

(3.2)

To simplify the coefficient of the linear term, we use the divergence theorem and that is the fundamental solution

477\ |
for the negative Laplace opertor —A and find
€ z—y 3 Ap1(z) 3
\Y c——=dz = — ————dz=—— .
1672 /]Rg RS oL Sl N PR =)
Plugging this into (3.2), we arrive at (3.1). O

The other limit, where the integral over the spheroid &;(z,y) simplifies is ¢ | |y — «|. In this case, the spheroid shrinks
to the line from z to y.

Lemma 3.2 Let z,y € R? be two arbitrary, different points and ) € C*(R?). Then, the function F : [Jy — x|, 00) = R
defined by

e
F“)Lquz—MV—yd’ (3.3

with &(z,y) = {z € R® | |2 — x| + |z — y| < t} as before, is two times differentiable and can be expanded around
t=|y—x| as

-z —ly —z|)? z—x
()= 2=y ‘l/ Wz “l’”tﬁ <1' ')wxmw@m4a+muwIW>

ly — x| 2|y — x| ly — x|
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Proof: We introduce the new coordinates r; > 0, 72 > 0, and ¢ € [0,27] of a point ¢(r1,72,¢) € R3 such that
r1 =|o(r1,r2,0) —x| and ro = |@p(r1,72, ) —y| for every ¢ € [0,27].
To this end, let e; = ﬁ, €2, e3 be an orthonormal basis of R? and set

x + .
o(r1,r2,0) = Ty +&(r1,ra)er +n(r1,m2) cospea +n(ri,ra) singpes

with the functions ¢ and 7 explicitly given by

7% —r3 9 1 2
5(7“1,7“2):@ and  n(ri,r2) =\[r{ — §|y_$‘+§(7“177“2) ) (3.4)

see Figure 1.

1
nez r2

el

L=z+y) Y

Figure 1. The relation between the variables r; and r2 and the functions £ and n drawn for ¢ = 0. The explicit
expressions (3.4) for the functions £ and 7 are obtained by solving the equation system of the two Pythagorean
equations r? = (%\z —yl+6?+n? and 72 = (%\x —y| — €)2 +n? for ¢ and n.

The volume element by switching to the new coordinates rq, 72, ¢ is given by

aTlg(rlaTQ) 87«25(7”1,7'2) 0
|det do(ry, 1o, ¢)| = |det | Op,n(r1,72) cOsp  Oryn(ri,m2) cos  —n(ry,r2)sine
O n(r1,7m2)sing  Op,n(ri,r2)sing  n(riy,r2)cosep
= |n(r1,72)(0r,n(r1,72)0r, §(11,72) — Ory (11, 72) 0, &(r1,72)) |-
Using the relations

m <7“1 - (;W -yl +§(r1,7“2)) 8&(?‘1#"2)) ,

! ] (;VC — | +§(7’1,7“2)> O0r,&(r1,72),

n(ry, 2

following directly from (3.4), we find that

|det dg(r1, 72, 9)| = [r10,,&(r1,72)| =

Opyn(r1,m2) =

Or,m(r1,1m2) = —

r1iT2
ly — |

Thus, switching to these new coordinates (and remembering that a point with distance r1 to « and 72 to y only exists
if the triangle inequalities ||y — x| — r1| < 7o < |y — x| + 71 are fulfilled), the integral in (3.3) becomes

tt+ly—=|

1 —_— min{t—rq,|z—y|+r1} 21
e A Do, ) dipdradry,
ly — | Jo Il

y—z|—r1] 0

To expand F' now in a Taylor polynomial around ¢ = |y — x|, we first realise that F'(Jy — z|) = 0 and then calculate
the derivatives at ¢t = |y — «|. For the first derivative, we find (the inequality ||y — x| — 71| <t —1r1 < |z —y| +r1 is
equivalent to % <r < W) that

t+ly—=]
2

1 4= 2w
F/(t) = H /|Z£ A ¢(¢(7‘1,t -7, @))d@d'f‘l

Since ¢(r1, |y — x| — r1,) = x + r1eq for all 1 € [0, |y — z|] and all ¢ € [0, 27], we get
27 ly—zl -z 27
Fly—z|) = 7/ P (w—i—rly) dry = 7/ ¥(2)ds(2),
ly —z[ Jo ly — | ly —z| Jr,,

where L, , denotes the straight line between the points = and y.
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For the second derivative, we obtain

, B 1 27 t+|y*l" tf|y—1'| t*|y7"£| t+‘y7$|

+ — ) wa(?"la t— 1, ()0)) . 8T2¢(T17t — T, @)d@d?”l

To calculate the limit ¢ | |y — x|, we remark that

27

Vip((ri,t —r1,9)) - Opy@(r1,t — 71, 0)de
0

27 aTQ gt —

where we introduced the manifold D(t,r1) with boundary given as the disc normal to e; with center in 1 (z + y) +
&(r1,t —r1)ey and radius n(ry,t — r1), whose boundary 0D(t,r) is parametrised by ¢(r1,t — r1,-) and its unit normal
vector field v is given by v(¢(ri,t — r1,¢)) = cospes + sinpes. Now, using Stokes’ theorem, we can rewrite the
boundary integral to an integral over the two-dimensional disc and find

/ Vi(z) - v(2)ds(z) = / (Ap(2) = (e1- V)*(2))ds(2).
8D(t,r1) D(t,r1)

Plugging all this in our formula for F”, we can take the limit ¢ | |y — z| and get with

amsmy—x—m:—(l— a ) and lim n(rl,t—mamn(rl,t—n)=7~1(1— il )

ly — | tly—z| ly — x|
that
F (- ) = L)
ly—a|
|y—x|/ < |y—1x|) ( (AY(z +r1e1) — (61 V)*Y(z + rie1)) 761.V¢(x+r161)) dry.

Since an integration by parts gives us

ly—=| ly—=| /q
/ <1 _n ) %(61 - V)2h(x + rre)dry = _/ <2 — Tl) e1 - V(x4 rieq)dr;
0 0

ly — x| ly — x|

ly—z| -
= / ———e1 - V(z +rie)dry —
0 ly — z|

all but the first term in the integral cancel each other, and the expression simplifies to

ly—z|
il / (1 __n ) r1AY(z + rier)dr
ly — x| w—ﬂ

|y—x|/ ( ||> |z — 2| Avp(2)ds(z). -

Corollary 3.3 Let a; € C?(R?), p1 € CY(R3) and K(t,x y;e) be given by (2.6). Then

5W(y) = ¥(x)),

F'(ly —x) =

B
i SRt yie) = —W_x' / (s (3.5)
and
28 L—cai(y) | ep@) —eply) x|
lim - —zleA . (3.
t¢|; | Ot2 Kit, @, y5¢) = drr|ly — x| + 87|y — x| 167r|y—x| /M ( |) |z = aledon (2)ds(z). (36)

Proof: The first identity follows immediately by applying the previous lemma on the kernel. For the second identity,

note that | |
v=rlhd y—
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4. FORWARD PROBLEM

We will now consider the idealised problem where the light illumination ®,. ¢ of the laser pulse is perfectly focused on
the plane E, g and where the perturbations of the parameters p and a are so small that we can ignore the error term
P .2 for the measurements. Henceforth we shall assume that we are given the measurements

MT,9(t7 x) = / ]C(t) T,Y; E)f(y)dy = R3[K(t7 Z,.; s)f()](r, 9) (41)

Bi(z)NE, g
with
Fy) = 2Ov(y)uly) (4.2)

and R3 being the three-dimensional Radon transform. Note that the kernel vanishes for |y — x| > t.

For the following discussion, we shall assume that we are given the measurement data M, (¢, z) for all r > 0, 6 € S,
and t > 0 at distinct points x € X, where ¥ = 9 is a detector surface enclosing the compact support of f. We assume
the seeked functions to be sufficiently smooth and that the perturbation of the sound speed and density are supported
in a compact subset Qg C R? with Qy C int(supp f).

Figure 2. Measurement setup

5. RECONSTRUCTION ALGORITHM

Under the assumptions of the previous section, we are going to present a reconstruction method for the functions f, oy
and p;. First, we remark that the support Q; C R? of the inverse Radon transform K(t,z,;¢)f = Ry [M,.¢(t,x)] of
the measurements M, ¢(¢,x) with respect to the variables r and € contains the support of the function f and thus, by
assumption, also those of the functions oy and p;.

Given our measurement data, we define for x € ¥ and y € R? the functions

Moo(y) = lim O/ [Mro(t,2)](),

No2(y) = o OuR3 " [Myrp(t,x)](y),

and for a sufficiently large ¢ so that & (x,y) D Q; for all x € ¥ and y € Qq, we define

Moc,w(y) - 8ttR?T1[MT,0(ta m)](y),
Nooo(y) = Moo o (y)t — O:R5  [My6(t,2)](y).
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Then, by virtue of Lemma 3.1 and Lemma 3.2 together with integration by parts, we obtain

()
Moo (y) = - /L e (2)ds(2), (5.1)
- 1—cai(y) epi(y) 1 |z — x|

g (e | 0 () () s

Nocaly) = Syt =t en1ly)

In the first step, we are going to reconstruct ea;. Equation (5.4) gives us the values of f on supp f \ (supp oy Usupp p1).
By knowledge of f on supp f \ o together with equation (5.1), we infer to know all line integrals of ;.

(5.4)

Proposition 5.1 Assume we know a compact set Qo C R® with supp a; Usupp p; C Qy C int(supp f) and suppose
that the data My, and Ne , is given for all x € . Then the three-dimensional X -ray transform Xslea:](y,v) is
known for all y € R3 and v € S?.

Proof: Let [0,00) 2 A = v,(A\) =z + Av, v = (y — x)/|y — x|, be the parametrisation of the half-ray connecting = € 3
with a point y € supp f. Thus, y = 7, (u) for some p > 0 and the line integral in (5.1) becomes

/L eaq(z)ds(z) = /OIL eaq (7o (A))dA.

T,y

Choose z’ € ¥ such that y € L, ;. Then

87 (Moo (9)ly — 7] + Mo (9)ly — 2'l) = £(v) / cai(2)ds(2).

Let yo € Ly o N (suppf \ Qo) for which f(yo) # 0 is known. Division through f(yo) gives us

Mo 2 (y0)|yo — x| + Mo 2 (yo)|yo — 2|

Xslear](y,v) =8 f(wo) :

By inverting the X-ray transform, we obtain ;.

Proposition 5.2 For cay sufficiently small in the C?-norm we get

-1
fy) = 8nly — 2[No 2 (y) — 47 Neo 2 (v)) (1 —eay(y) + % /L (1 - |; — i:) |z — xeAal(Z)dS(Z)> . (55)
cpl) =1 - zau(y) - T, (5.6)

Proof: Combining (5.2) with (5.4), we get

87|y — x| Noo(y) — 47 Noo 2 (y) = f(y) (1 —ear(y) + % /L (1 2 - xl) |z — :E|£Aoz1(z)ds(z)>

ly — 2|

and the first identity follows. The distortion of the density can be expressed by virtue of (5.4). O

Summarising, we found that from the idealised measurements M, ¢(¢, ) of the linearisation P, g + P, g1 of the
pressure wave P, g for all times ¢ > 0, all points € ¥ on the measurement surface X, and all choices of illumination
planes characterised by the parameters r > 0 and 6 € S?, see (4.1), we can extract the asymptotic quantities Mg,
Nozs Moo 2, Noo i at each point 2 € X, see the equations (5.1), (5.2), (5.3), (5.4).

Then, from the quantities My, and N, for all points z € 3, we get according to Proposition 5.1 the full X-ray data
of ey from which we can reconstruct the speed of sound /o = /1 + eay by doing an inversion of the X-ray transform.

Finally, Proposition 5.2 allows us to reconstruct from the thus acquired knowledge of ey the mass density p =1+ ¢p;
and the initial pressure distribution f = ®©~u. From the known light intensity ®©) of the laser, we thus get the
product yu of the Griineisen parameter v and the absorption coefficient p. Since these two parameters only enter as
product in the model, there is no possibility of calculating them separately.
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