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Abstract

The literature on reconstruction formulas for photoacoustic tomogra-
phy (PAT) is vast. The various reconstruction formulas differ by used
measurement devices and geometry on which the data are sampled. In
standard photoacoustic imaging (PAI), the object under investigation is
illuminated uniformly. Recently, sectional photoacoustic imaging tech-
niques, using focusing techniques for initializing and measuring the pres-
sure along a plane, appeared in the literature. This paper surveys existing
and provides novel ezact reconstruction formulas for sectional photoacous-
tic imaging.

1 Introduction

The literature on reconstruction formulas and back-projection algorithms for
photoacoustic imaging is vast. Wang et al. developed reconstruction formulas
for cylindrical, spherical, and planar measurement geometries in a series of pa-
pers [27, 25| 28], and recently many more algorithms based on reconstruction
formulas have been developed (see the survey [13]).

Also different measurement devices for the ultrasound pressure have been
suggested. Most common are small detectors based on materials, which exhibit
a strong piezoelectric effect and can be immersed safely in water (i.e. polymers
such as PVDF). In analytical reconstruction formulas, they are considered point
detectors. Other experimental setups have been realized with line and area
detectors, which collect averaged pressure (see [23] for a survey).

Here, we consider the problem of photoacoustic sectional imaging. As op-
posed to standard photoacoustic imaging, where the detectors record sets of two-
dimensional projection images from which the three-dimensional imaging data
can be reconstructed, single slice imaging reconstructs a set of two-dimensional
slices, each by a single scan procedure. The advantages of the latter approach
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are a considerable increase in measurement speed and the possibility to do selec-
tive plane imaging. In general, this can only be obtained by the cost of decreased
out-of-plane resolution (i.e. the direction orthogonal to the focusing plane). Ex-
perimentally, one can obtain photoacoustic sectional imaging by illuminating a
single plane of the object and by using a focused detector. Technical details are
provided in Section [2] In our experiments, the measurement data are recorded
on a cylindrical domain 92 x R, where 02 denotes the boundary of a smooth
domain €2 in R2.

The difference in this model to previously studied models is that the wave
propagation is considered fully three-dimensional, the initialization and mea-
surements are fully two-dimensional due to the selective plane illumination and
detection. Therefore, such setups require novel reconstruction formulas. In par-
ticular, as a further novelty, we present reconstruction formulas in ellipsoidal
domains.

This paper surveys existing and provides novel ezact formulas for the recon-
struction of the initial pressure distribution for various kinds of measurement
setups. After the introduction of the universal back-projection algorithm intro-
duced in [26] this goal seems superfluous, although not discussed in detail for
sliced imaging. However, it has been shown recently by Natterer [I7] that uni-
versal back-projection is only exact for special sampling geometries. Here, for
sliced imaging and certain sampling setups, we can indeed find mathematically
exact universal reconstruction algorithms for arbitrary strictly convex sampling
domains €.

The paper is organized as follows: In Section[2] we describe the experimental
setup of photoacoustic sectional imaging, and we model in Section [3| various
measurements where it is possible to derive exact reconstructions formulas for
sectional imaging. The reconstruction formulas are then provided in Section [4
In the appendix, we survey some background material on the Abel transform,
the spherical mean operator, and the Mathieu equation.

2 Experimental Background

Below we give an overview on photoacoustic sectional imaging, describe the
experimental realization, and provide mathematical formulations. In contrast,
we call conventional photoacoustic imaging with uniform illumination of the
object non-focused.

In general, PAI is based on the so called thermo- or photoacoustic effect.
Laser light impinging onto a surface of an object leads to its heating and under
the conditions of thermal and stress confinement an acoustic wave emerges from
the object. Mathematically, this means that the initial pressure distribution pg
is related to the absorption coefficient of the object by [3]

Be?
po(z) = aua(m)¢(m) (2.1)

where 2 € R3. The constant prefactor consists of the thermal expansivity 3, the
specific heat capacity C, and the speed of sound c. Then, p, is the absorption
coeflicient of the object and ® denotes the local light fluency. Neglecting effects



of light propagation (i.e. setting ® to be a constant), i, remains the only variable
depending on z and containing the desired tomographic information about the
object. Reconstruction algorithms that also take light propagation into account
are investigated in Ref. [3] but are not focus of this work.

It is common to classify photoacoustic measurement setups into point (see
e.g. [12]) and integrating detector setups [2]. The focus of this paper are recon-
struction methods for sectional imaging and various kinds of detectors.

In conventional photoacoustic setups with point detectors, measurements
are collected (see Fig. all over a surface enclosing the object (i.e. a sphere
or an ellipsoid), or all over a sufficiently large cylindrical surface (where the
cross-section can be every line segment), or over a sufficiently large plane. The
latter two detector array geometries allow for approximate reconstructions only,
since sufficiently large means that in theory the array is considered infinitely
large. This approximation causes the limited view problem in practical appli-
cations. Paltauf et al. have given correction factors for some of the affected
geometries [22].
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Figure 1: Sketch of non-focused point detector arrays. a) closed surface, b)
quasi-infinite plane, c¢) cylindrical surface. The point detectors are spread over
the indicated surfaces (points are not drawn in the figure). The detector arrays
b) and c) suffer from the limited view problem.

The linear and planar detectors have to be moved tangentially to a surface
surrounding the object (see [2]). Practically, this only allows the measurement
devices to be aligned on a cylindrical surface (or on a plane). Experimental
realizations of line detectors are documented for instance in [23].

In the following, we explain the principles of focusing detectors. The ultra-
sonic wave is refracted by a suitable acoustic lens such that out-of-plane signals
are generally weak and can be neglected. Thus only signals emerging from the
desired imaging plane are collected at the detector. Contemporary focusing ul-
trasonic detectors have a spherical or cylindrical shape, thus the detector surface
plays the role of the acoustic lens. We consider the case of a cylindrically focus-
ing detector, which focuses into a plane. The sectional imaging can be improved
further by illuminating the desired plane only, i.e. by cylindrical lenses in front
of the object. Note, however, that this requires a low scattering coefficient of the
sample, because otherwise illumination will not be restricted to a single plane.
The out-of-plane resolutions achieved are worse than the in-plane resolutions
nevertheless. For more details on focusing point detectors see [15, 24] and for
focusing line detectors see |7} [§].
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Figure 2: Sketch of non-focused line detector arrays. a) quasi-infinite plane, b)
cylindrical surface with arbitrary cross-section. The detector array a) suffers
from the limited view problem.

3 Mathematical Formulation

As an idealized model for the photoacoustic sectional imaging problem, we as-
sume that the laser pulse which illuminates the sample is perfectly focused on
the plane {x € R3 | z3 = 0}. We further consider the absorption of the laser
light and the hereby caused expansion of the material to happen instanteneously,
so that the induced initial pressure distribution po : R® — R can be considered
to be of the form

p0(€7 Z) = ]30(5)5(2), f € RQ? z €R, (31)

for some smooth function pg : R2 — R and with § denoting the Dirac delta
function. It will thus be often convenient for us to write a point x € R? in the
form x = (£, 2) with ¢ € R? and 2 € R.

This initial pressure distribution pg now initiates a pressure wave inside the
object. Let p(z;t) denote the pressure at the point 2 € R? at the time ¢ € [0, c0)
after the laser pulse. For the propagation of the wave, we neglect the different
material properties in the object and simply assume that the pressure distribu-
tion p : R? x [0,00) — R obeys the linear three-dimensional wave equation with
constant speed of sound, which we normalize to one:

attp(§7 Z3 t) = A&,zp(fa z3 t)a
9p(§,20) =0, (3.2)
p(&,2;0) = po(&, 2) = po(£)d(z)

for all ¢ € R?, 2z € R, and t > 0. Here, A¢, = Og ¢, + Ogpe, + 0. denotes the
three-dimensional Laplacian in Euclidean coordinates.

Our aim is to recover the function pg, describing the initial pressure dis-
tribution, from certain measurements of the pressure wave p. From the initial
pressure distribution, we may then determine the absorption coefficient p, of
the object by using the relation , which is the final goal of the measurement.



The position of the detectors performing these measurements shall be given
by the boundary 9 of a convex domain 2 C R? in the illumination plane,
where we additionally assume that py has compact support in 2.

In practical realizations, the detectors usually have a special convex shape
so that they mainly detect the pressure waves originating from the illumination
plane and try to suppress those parts coming from an excitation outside this
plane, as illustrated in Section But since we assume a perfect focusing of
the initial pressure distribution on the illumination plane in our model, we do
not need this additional focusing by the detectors and will use simpler detector
geometries. In a more realistic model, however, this suppression of signals from
outside the illumination plane should be in some way incorporated into the
mathematical model.

We will consider the following four different measurement setups and derive
reconstruction formulas. Some of the reconstruction formulas and setups have
already been documented in the literature and are surveyed here in the general
context. Most of the formulas, however, are new.

Vertical Line Detectors: The measurement data are

my(&;t) 52[ (&, z;t) dz 53
for all £ € 99, t > 0.

That is, in practical realizations, we use line detectors which measure the
overall pressure along a line orthogonal to the illumination plane.

Point Detectors: The measurement data are

ma(&;t) := p(&,0;t)

3.4
for all £ € 092, ¢ > 0. (34)

That is, we use point detectors which measure the pressure on the bound-
ary of 99 over time. This measurement geometry is used in [15] [24].

For the other two measurement methods, we additionally impose that the
domain Q C R? is strictly convex and bounded.

Vertical Plane Detectors: The measurement data are

ms(0;t) == /P(e)p(x;t) ds(x)

for all # € S*, t > 0,

(3.5)

where P() C R? denotes the tangential plane of the cylinder 9Q x R
orthogonal to the vector (6,0), see (3.8). For a practical realization we
use planar detectors which are moved tangentially to 02 around the object
and measure the averaged pressure on the plane.



Horizontal Line Detectors: The measurement data are

ma(0:t) = /T , PE0DE(O

for all # € S*, ¢t >0,

(3.6)

where T'(f) C R? denotes the tangential line of 9 orthogonal to the
vector 6, see (3.7). This is a realization using line detectors which mea-
sure the overall pressure on a line tangential to 02 in the illumination
plane, see [7, 8l O]. (In these papers, they use for the reconstruction a
phenomenologically motivated formula whose structure is very similar to
the formula which we derive for this sort of measurements.)

In those cases where the domain 2 is strictly convex and bounded, we
parametrize the boundary 9Q with the map ¢ : S* — 9Q which associates
to every unit vector § € St the point ((6) € 92 where the outward unit normal
vector of OQ) coincides with 6, see Figure

% ()
D

Figure 3: Definition of the point (), 6 = (cos ¥, sin¥}).

Since the tangent line T'(0) of 9Q at ((6) is thus by definition orthogonal

to 0, we can define the family T'(r,0), r € R, of lines parallel to the tangent T'(6)
by

T(r,0) = C(0) + 70 +ROL C R?,  T(0) = T(0,60), (3.7)

for every # € S! and r € R. Here, §+ € S! denotes a unit vector orthogonal
to 6.

Moreover, we introduce the family P(r,60), r € R, of planes parallel to the
tangent plane P () of the cylinder 99 x R at (¢(6),0) by

P(r,0) = (T(6),0) + (0,R) C R, P(8) = P(0,6), (3.8)

for every 6 € S* and r € R.

4 Reconstruction Methods

In the following, we derive universal reconstruction formulas for photoacoustic
sectional imaging. Conceptually, the paper is closely related to [14], where
universal formulas for conventional photoacoustic tomography were derived in
arbitrary geometry. However, some of the results there are implicit, requiring



explicit knowledge of eigenfunctions, which are provided here explicitly. Even
more, the focus of this paper is on sectional imaging, which results in different
formulas.

4.1 Measurements with Vertical Line Detectors

We introduce the function

e - | T g ntyde, ECR 120, (4.1)

— 0o

Then the inital value problem (3.2)) for the function p implies that the func-
tion p satisfies the two-dimensional wave equation

Oup(&;t) = Aep(&;t) forall € €R? ¢>0
with the initial conditions
0:p(&;0) =0 for all ¢ € R?,
p(&0) = po(§) forall &eR%

The initially three-dimensional reconstruction problem therefore reduces to the
two-dimensional problem of calculating po(¢) = p(&;0), £ € R2, from the mea-
surement data

mi(&;t) = p(&;t), €0, t>0.

4.1.1 Reconstruction Formulas Based on Series Expansions

For special domains €2, explicit reconstruction formulas are known: see the
review [I0] for © a circle and the half-space. The derivation for the ellipse is
published in [4].

e If  is the half-space {£ € R? | & > 0}, we get [11]

po(§) = % [ h /k h iy (k, w)e™ cos(ovw? — k?) dw dk (4.2)

for every ¢ € R?, where

1 oo oo .
my (k,w) = ;/ / my (&1, 0;t)e %1 cos(wt) dt dé,
—o0 J0

is the Fourier—cosine transform of the measurement data m;.

e If O = B%(0) is the two-dimensional ball with radius R and center 0, we
choose 1 : [0,00) x [0,27) — R2, 9 (r, ) = (rcos ¢, rsing), and get [10]

> J|k| Rwr ik
D k P d 4.3
po(¥ / Z Ty (k)" do (4.3)




for every r € [0,00) and ¢ € [0, 27), where

27
my (k,w) = l/ m1(Y(R, p);t)e”*¢ cos(wt) dp dt
o Jo

™

is the Fourier—cosine transform of the measurement data mi. Here, Jj,
k € Ny, denotes the kth Bessel function.

Equations (4.3) and (4.2)) can be derived from formulas for the inversion of
the spherical mean operator (see Section [A.2)), and this is why these formulas
are typically assigned to Norton [I8] and Norton & Linzer [19], although they

considered reflectivity ultrasound imaging and here the topic is photoacoustics.

o If Q is the ellipse {¢ € R? \ + ﬁé < 1} with a > b, we set
¥:[0,00) x [0,27) = R2, 4h(r, ) =¢ <C.Osh(r) C.os(@))

sinh(r) sin(p )) ’
with the linear eccentricity ¢ = va? — b? and find [4]

Po((r, ) f/ el W) ma (k, w) Py (p; w) dw,

Rk (ro;w

where ro = artanh(2) is chosen such that 1 (rg, ) € 99 and

my(k,w) = g /000/0 7Tml(z/J(ro,c,o);t)q)k(gp;w) cos(wt) dep dt.

Herein, the functions @ are for k € Ny defined by

2 2

and  Popp1(pw) = sept1(p; =),

2, 2
Doy (3 w) = cex(p; =-)
where ce; and se; denote the Mathieu cosine and Mathieu sine functions,
respectively, see Section [A4] and the functions Ry are the corresponding
solutions of the radial Mathieu equation and are for k € Ny given by

. 2,.,2 . . 2 2
Rop(r;w) = cep(ir; =5=) and  Ropq1(r;w) = —isepq1(ir; =5=).

4.1.2 Reduction to the Spherical Mean Operator

Taking into account the relation between the solution of the two-dimen-
sional wave equation and the spherical mean operator, the problem of deter-
mining po from the measurements mq(§;t) = p(&;t) for £ € 9N, t > 0 can be
equivalently described as the problem of reconstructing pg from the spherical
mean operator Ms[po](&;7) of pg for £ € OQ and r € (0, 00).

e For Q = B%(0) C R?, analytical reconstruction formulas have been derived
by Finch, Haltmeier, Rakesh [6] and read as follows

2R
Po(§) = %Ag (/Sl /0 r My [po] (RO, 7) log|r? — |€ — ROJ?| dr ds(9)>

(44)




and

2R
Po(€) = % /51 /0 (0,10 Mapo)) (RO, 1) log|7°2 — & - R9|2| dr ds(0).
(4.5)

Recently, Palamodov derived in a more general setup analytical recon-
struction formulas for some further special geometries. For 2 being e.g.
the ellipse whose boundary is parametrized by the function v : S* — R2,
P(0) = (a161,a202), a1, a2 € (0,00), he found the reconstruction formula

— 2M2p0 w),r?) o
Do) =~ = SUETTOIA / Te— v — o 40,

see [20] 21].

For a general domain 2, Kunyansky reduced in [I4] the reconstruction
problem to the determination of the eigenvalues A\ and normalized eigen-
functions wuy, ||ukll2 = 1, of the Dirichlet Laplacian —A on Q with zero
boundary conditions:

Aug(§) + Meur(§) =
up(§) =
Indeed, if (£, 1) — G2, (J€—n]) is a free-space rotationally invariant Green’s

function of the Helmholtz equation (4.6 and n(£) denotes the outer unit
normal vector of ) at £ € 012, then

£eq, (4.6)

0,
0, &eon. (4.7)

§) =2m Y Myug(€), (4.8)

where
My, = /89 /0OO rMa[po](n,7)Gx, (r) (Vug(n),n(n)) drds(n).

We thus get the initial pressure distribution pg by first calculating from the

measurements my (§;t) = p(&;t), £ € 9Q, t > 0, with formula (A.8)) the spherical
mean operator MQ [ﬁo](f, ) of pg for £ € 9N and r € (0, 00), and then using one

of the formulas , or . ) to get Po.

4.2 Measurements with Point Detectors

From equation (A.7)), we know that the solution of the initial value problem (3.2)
can be for every x € R? and t > 0 written in the form

1
p(x;t) = 0, <4m AB?(O) flz+y) dS(y)> :



Parameterizing the sphere dB3(0) in cylindrical coordinates, i.e. in the form
OB} (0) = {(VE2 —h20,h) : he[-tt], €5},

we find for every x = (£,2), ¢ € R%, 2 € R, and t > 0 that

P&, 7 1) = 0, (4; | 1 /S ol + VEIZ0)3(z + B}t ds(0) dh) ,

where we have used the special property of the source term (3.1)). Integrating
out the d-distribution, we get for z € [—t, t]

pes0 =0 (1 [ e+ VE=Z0)as0)). (1.9)

By the definition (A.4]) of the spherical mean operator Ms, this means

p(&, z;t) = %(% (Ma[po](&; V2 — 22)) for z € [—t,t]. (4.10)

From the assumption that the support of pg lies completely in 2, we know that

Ma[po](§;0) = po(§) = 0 for & ¢ Q. Thus, we can integrate the relation (4.10)
for € ¢ Q and find for every z € [—t, t] that

Malpo)(€; VB = 22) = 2 / (€, 2 1) di.

Setting z = 0, we get for every £ € 02 and every t > 0 the relation

Malpol(§;t) = 2/0 ma(&;1) dL.

Having calculated the spherical mean of py, we can now proceed as in Sec-
tion 4.1.2)
4.3 Measurements with Vertical Plane Detectors

For every @ € S', we define for € R and t > 0 the function
po(r;t) = / p(x;t) ds(z) ,
P(r,0)

where P(r,0) denotes the plane as defined in (3.8).

Then, since the vectors (6,0), (§+,0), and (0,0, 1) form an orthonormal basis
of R? and the Laplacian is rotationally invariant, we find from equation ({3.2)
that

Oupe(r;t) = / / ALp(C(0) + 70+ ubt, z; t)dudz = Opppo(r;t)

for every r € R and ¢ > 0. Thus, Py solves the one-dimensional wave equation
with the initial conditions

Ope(r;0) =0 for all » € R and
Do(0;t) = mg(0;t) forallt >0

10



resulting from ([3.2]) and (3.5)), respectively. Moreover, since py has its support
inside Q, we know that pg(r;0) = 0 for r > 0.

With d’Alembert’s formula for the solution of the one-dimensional wave
equation, we find that the unique solution for this initial value problem is given
by

Po(r;t) =mg(0;—t —r) + ms(0;t —7r), reR, t>0,
where we set mgz(0;t) = 0 for ¢t < 0.

Finally, we have to recover from the values of g, § € S', the initial pressure
distribution py from equation (3.2)). We have the relation

otrs0) = [ " olC(6) + 76+ ub" ) du = Ripol(r + (C(6).6) .6),

where R denotes the Radon transform as defined in (A.9). We can therefore
recover pg with an inverse Radon transform:

ms(6; (C(0),0) —r) ifr <(((0),0),

0 if 7 > (¢(0),0). (4.11)

Po =2R"[img], hs(r,0) = {

Equation reveals an interesting property of integrating area detectors:
For an arbitrary strictly convex measurement geometry €2, exact reconstruction
formulas exist. This is a property which is not known for conventional and other
photoacoustic sectional imaging technologies.

4.4 Measurements with Horizontal Line Detectors

For every 6 € S, we define the function
polrst) = [ ple st dste),
T(r,0)

where T'(r,0) is defined as in (3.7). Then, using that the vectors (6,0), (6+,0),
and (0,0, 1) are an orthonormal basis of R? and that the Laplacian is rotationally
invariant, the initial value problem implies that py solves for all r,z € R
and ¢t > 0 the two-dimensional wave equation

Oupo(r, z;t) = /OO ALp(C(0) + 10 + ub*, z;t) du
= Oprpo(r, 23t) + 022pa(r, 25 1)
with the initial conditions
Oepo(r, 2;0) = 0,

Fol(r,:0) = Po(r)3(2),  Po(r) = /T L, i ds(e),

for every r,z € R.

11



From formula (A.6), we see that the solution of this initial value problem
can be written as

P, §
po(r, z;t) = %@ (/B?(O) %O ds(p,C)>

1 t = Py(r+p)
- 27;%( Ry T e

for all r,z € R and t > 0. Integrating out the J-function, we find for every
z € [—t,t] that

Vit2—2z2
. 1 Py(r +
Po(r,z;t) = gat </ o(r £ p) dp> )

VB2 (12— 22— p?

Since py is related to the measurement m,, given by , via my4(0;t) =
D9(0,0;t), and since Py(r) = 0 for r > 0 by the assumption that py has support
inside €2, we find with the formula for the Abel transform in reciprocal
coordinates that

1
ma(0;t) = %at (

t P(—p) B 1 1 1
Ov%ﬁ@>_hagmwm»

where 1/19(%) = p?Py(—p). Switching to the reciprocal coordinate s = 1 and
using the identity (A.3]), we see that this is of the form

2 1 17

2 m(: ) = -0, (sAlvol(s)) = A We)(s)
with 1!;9(%) = p—lzwg(%) = Py(—p). Thus, we can directly solve the equation for
Py and find

Py(—p) = 2Almo](3), 1he(3) = t*ma(6;1). (4.12)

Since we have by definition

Py(r) = Rlpo](r + (€(6),0) , 0),
we finally get (remembering that Py(r) = 0 for r > 0)

Al (reatar= ) i < (€(6),0),
0 if r > (¢(9),0) .

(4.13)

po=2R7P], P(r,0) = {

So, the reconstruction of py can be accomplished by an Abel transform of the
rescaled measurements mgy, defined in , followed by an inverse Radon
transform. Again, this reconstruction formula is valid for an arbitrary strictly
convex measurement geometry 2.

Conclusion

In this paper we have surveyed exact reconstruction formulas for photoacoustic
sectional imaging. All formulas are mathematically, analytically exact. Com-
paring point and integrating line detectors, it is quite surprising that integrating
area detectors allow analytical reconstructions for all strictly convex domains.
This property has not been observed for point detectors.

12



A  Appendix

A.1 Abel Transform

The Abel transform A[] of a smooth function ¢ : Ry — R, which decays
sufficiently fast to zero at oo, is defined by

w(\/m)dz:2/oo 7"15() dr, y=>0.
y

—y?

oo

Al = [

— 00

We rewrite the Abel transform in reciprocal coordinates, so that it better fits

in our context. Substituting y = % and r = %, we find that
Ctrp(r) dr = Potp(d)

1 £/ 2t2 0 82*/t2—$2

H-\»—A

ds. (A1)

To invert the Abel transform, we remark that we have for all v > 0

/°° (A[Y]) (Vu? + v2 u2+v2 / / P ( x2+u2+v2)dudx

oo Vu? + 02 Va2 +uZ + 02

- / ¥(p) dp = —2m(w),

where we substituted x = /p? — v2 cos(p) and u = y/p? — v? sin(p). Therefore,

the inverse Abel transform A=) of a function ¢ : Ry — R can be written as
AT () = —5— (AR (). (A2)

Using the identity

Aol =0, ([ @+ e/ s

= 3, (P A[Y](v)) + J% W (V2? + y?) da

= 0, (P AW)W)) — v [ SV T ) de = yd, (s Al) ).

and using (A.2)) we can also write the inverse Abel transform in the form

1

AT re)(y) = =50y (vAR] (). (A-3)

A.2 Circular and Spherical Means

Let £ € R™ and r > 0. The spherical mean operator in R™ of an integrable
function f : R™ — R is defined by

1

M [fl(z;7) = W -

flz+7r0)ds(6), (A.4)

13



where |S"~!| denotes the area of the unit sphere S"~1 in R™.

The spherical mean value operator is closely related to the solution of the
n-dimensional wave equation

8ttp($§ t) = AzP(CEE t)v

for all z € R™ and t > 0. More precisely, the solution p can be expressed in
terms of the spherical mean operator of f by (see e.g. [B])

p(;t) = ﬁ@’“ ( /0 ) (s 7) dr)

for all x € R™ and ¢ > 0. In particular, we have for

e n = 2 that the solution p of the two-dimensional wave equation can be
calculated from the spherical means via the Abel transform (A.1)):

pla;t) = 0, (/Ot ’% dr) =0, (;A[fm](i)) : (A.5)

where fm(%) = 3 Ma[f](z,r), leading also to the formula

ho L Sty
past) = 50, ( L i <y>> (4.6)

for all € R?, ¢ > 0, where BZ(0) C R? denotes the two-dimensional ball
with radius ¢ and center 0;

e and for n = 3, we get that the solution p of the three-dimensional wave
equation and Ms3][f] are related by

plait) = u(tMs[f)(x51)) = O (;Tt L S+ ds<y>> (A7)

for all z € R3, ¢t > 0, where 9B} (0) denotes the boundary of the three-
dimensional ball B}(0) C R3 with radius ¢ and center 0.

We remark that we can solve the equations ((A.5)) and (A.7)) for the spherical
mean operator of f. We get for n =2 with s = ; that

—p(es 1) = — 0, (AL(5)),

which gives us with the representation (A.3]) of the inverse Abel transform that

Mol fl(sr) = — Alpal(2) = 2 Orﬂ%dt, reR2 r>0,  (AS)

where P, (1) = t?p(x;t); and for n = 3, we find
t

r

Mg[f](x;r)zl/rp(x;t)dt, r€R3 r>0.
0
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A.3 The Radon Transform

The Radon transform for a smooth function g : R2 — R with compact support
is defined by

Rlg]:Rx S' =R, Rg|(r,0) = /°° g(r0 + ub*) du. (A.9)

—0o0
The Radon transform can be inverted and we have the explicit formula

RGI(E) = —(2;2/_00 % . OG(r+ (0,€),0) d6 dr

for the inverse Radon transform, see e.g. [16].

A.4 Mathieu Functions

The Mathieu Functions are solutions of the Mathieu equation
u”(s) + (a — 2q cos(2s))u(s) = 0. (A.10)

However, we are only interested in 27-periodic solutions. It is known, see e.g. [1],
that for a fixed value ¢ > 0, there only exists a 2w-periodic solution of the equa-
tion for a discrete set of values a € R. Conventionally, the values a
for which an even 27-periodic solution exists, are labeled in increasing order as
an(q) with the Mathieu cosine functions s — ce,(s;¢q) as corresponding solu-
tions, n € Np; and the values a for which we have an odd 2m-periodic solution
are (again in increasing order) called b,(q) with the Mathieu sine functions
s+ sen(s,q) as corresponding solutions, n € N. The normalization of the
solutions ce,, and se,, is chosen to be

2m 2m
/ cen(s;q)?ds =7 and / sen(s;q)*ds = .
0 0

Thus, since the functions are the eigenfunctions of the symmetric operator dss +
2q cos(2s), the functions ﬁ cen(+;q), # sent1(3q), n € Ny, form for every

q > 0 a complete orthonormal system of L?([0, 27]).
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