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Shape Reconstruction with A Priori Knowledge Based on Integral Invariants∗
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Abstract. We investigate the applicability of integral invariants as geometrical shape descriptors in the context
of ill-posed inverse problems. We propose the use of a Tikhonov functional, where the penalty term is
based on the difference of integral invariants. As a case example, we consider the problem of inverting
the Radon transform of an object with only limited angular data available. We approximate the
ill-posed operator equation by a minimization problem involving a Tikhonov functional and show
existence of minimizers of the functional. Because of its nondifferentiability, we derive for the
numerical minimization smooth approximations, which converge in the sense of Γ-limits.

Key words. inverse problems, Radon transform, integral invariants, Tikhonov regularization, Γ-convergence,
shape invariants, shape optimization

AMS subject classifications. 65J15, 65J20, 49J45

DOI. 10.1137/110824735

1. Introduction. A typical task in object recognition is to segment an object in an image.
In some cases, however, the image is not directly accessible, but only a transformed version
of the image, e.g., its Radon transform, which may occur if the object is inspected with
a tomograph. Then the information of interest—the objects within the image—has to be
reconstructed from the given data set. In mathematical terms, this task can be formulated as
the inverse problem of solving an operator equation of the form

F [Ω] = y,

where F describes the image formation process, i.e., the action of the tomograph on the object
Ω, and y denotes the available data.

The previous operator equation is a typical example of an ill-posed problem: the solution
does not depend continuously on the data y. In addition, to ensure that biological harm
caused by the radiation is reduced to a minimum, it might be advisable to perform the
scan only for a limited number of directions. Then, it is well known from mathematical
theory that the recorded data is insufficient for a unique reconstruction of the object, unless
ample prior information is available. In order to stabilize the reconstruction process, it is
therefore necessary to introduce some kind of regularization. One common approach is to
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SHAPE RECONSTRUCTION WITH INTEGRAL INVARIANTS 727

use an iterative method for the solution of the equation but to stop the iteration well before
the onset of convergence. In this case it is very easy to incorporate a priori knowledge in
terms of closeness to some prior by choosing the starting point of the iteration. This method
of selecting the correct solution is also supported by the mathematical theory of iterative
regularization methods. A different method is the reformulation of the operator equation as a
functional with a fit-to-data term and a regularization term. The fit-to-data term ensures that
the solution closely matches the given data, and the additionally introduced regularization
term incorporates some knowledge about the solution while at the same time enforcing well-
posedness.

Often, the a priori knowledge can be formulated as a regularity constraint on the solution.
As an example, for segmenting an object in a given image, often a Tikhonov-like functional is
used, where the squared norm of the gradient of the boundary curve ensures the regularity of
the object to be segmented. In the field of shape recovery, additionally, the a priori information
may often include geometrical information about the object. Thus the regularization term
has to be constructed in such a way that the geometry of the solution is close to the geometry
of the prior.

At this point, naturally, the question arises of how to describe the geometry of an object in
a mathematical terminology. A classical approach uses the curvature of the boundary curve
of the object to define feature points, as geometrical features like protrusions, corners, or
inflection points can all be characterized by their curvature. All invariants, however, that are
based on differentiation—thus, in particular, curvature—suffer from an inherent sensitivity
regarding noise. As a remedy, it has been suggested to replace differentiation by integration
in such a way that the ensuing integral invariants still carry geometrical information about the
object [5, 19, 20, 22]. These invariants have proven to be successful for object classification [19]
and geometry processing [14].

This article intends to show that integral invariants can also be used for the solution of
inverse problems in the context of shape recovery. To that end we propose using a penalty
term which includes the L2-norm of the difference between the invariant of the object and
the invariant of a prior. Since this penalty term is geometry based, it is expected that this
procedure will yield more accurate reconstructions than simpler methods based on a metric
between the objects themselves, e.g., the area of the set symmetric difference or the Haus-
dorff distance. Indeed, the performed numerical study, which uses the Radon transform as a
paradigm of an inverse problem, supports these expectations. To highlight the applicability of
our method to severely ill-posed problems, we limited the number of directions in which the
Radon transform was computed to four, leading to a high number of possible solutions. Note,
however, that we try to reconstruct only shapes, that is, binary distribution functions, and
not arbitrary ones. The possibility of reconstructing such data in the presence of sufficient a
priori knowledge has been demonstrated in [24]; there a level set method has been used for
the regularization.

In section 2 we briefly recall the notion of shapes and introduce the concept of integral
invariants as robust geometry-based shape descriptors. Section 3 is devoted to the theoretical
background of inverting the Radon transform of an object. First we introduce the problem in
a strict mathematical manner, which also includes a reformulation of the problem originally
posed on a class of objects as a nonlinear operator equation on a Hilbert space. The resulting
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728 T. FIDLER, M. GRASMAIR, AND O. SCHERZER

operator being nondifferentiable, we derive a smooth approximation, which is later used in
the numerical implementation. In section 4, we perform a case study using synthetic data
and compare the proposed method with a Landweber–Kaczmarz method using the prior as
an initial guess. Both approaches turn out to be capable of reconstructing the rough shape
of the object, but the Landweber–Kaczmarz method introduces artificial perturbations of the
object’s boundary, whereas Tikhonov regularization with integral invariants does not.

2. Regularization with integral invariants. Suppose we have an operator F : X → Y ,
which maps a shape x to some given data y, i.e.,

(2.1) F [x] = y.

We assume that the data set y is available through some measurement setup and the underlying
physical principle is described by the operator F . We focus on the inverse problem of finding
a suitable shape x matching the data y. The first question arising at this point is the well-
posedness of the problem. The failure of well-posedness may be due to various reasons,
e.g., discontinuity of the inverse operator. In this article we mainly consider one specific type
of ill-posedness in the area of inverse problems: multiple solutions because of incomplete or
insufficient data.

Assuming that the available data y is insufficient for solving (2.1) uniquely, we have
to regularize the original operator equation. In shape optimization and reconstruction a
common approach to stabilizing the process of solving (2.1) is to use a prior incorporating some
knowledge of the solution. The prior can be seen as a reference model that covers the essential
information about the object. A typical choice is some representative of the shape, generated
from a set of training data using statistical methods. In that context the possible variations of
the shapes are explained in terms of statistics, e.g., using a principal component analysis where
the shapes are points on a possible infinite-dimensional manifold [6, 8, 25] (see also [21]). In
contrast, we propose using integral invariants to explain and handle the variability of a shape.
This concept has been applied successfully to segmentation with priors [20] but not yet for
more general inverse and ill-posed problems.

In the following we briefly introduce the concept of shapes and integral invariants.

2.1. Shapes. We consider a shape as a characteristic function of a given simply connected
and bounded set Ω ⊂ R

2. In addition, we restrict ourselves to objects that are star-shaped
with respect to the origin and therefore can be represented by a nonnegative radial function.

Definition 2.1. Let γ ∈ L2(S1,R+) :=
{
γ ∈ L2(S1,R) : γ ≥ 0

}
. The set

(2.2) Ωγ :=
{
tτ ∈ R

2 : τ ∈ S
1, 0 ≤ t ≤ γ(τ)

}
is called the domain generated by the nonnegative radial function γ.

Notice that the assumption γ ∈ L2(S1,R+) is necessary (and sufficient) to guarantee that
the object Ωγ has a finite area. Indeed, a short calculation reveals that

L2(Ωγ) =
1

2

∫
S1

γ2(τ) dH1(τ) =
1

2
‖γ‖2L2 < ∞,

where L2 and H1 denote the Lebesgue and the Hausdorff measure, respectively.
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An intuitive definition of shapes was given by Kendall [17, p. 2]: a shape is “what is
left when the differences which can be attributed to translations, rotations, and dilatations
have been quotiented out.” In contrast, by our definition the shape changes if one applies
a rigid body motion. Hence, it would be more common to use the notion of objects rather
than that of shapes. But at least we have retained some invariance with respect to rotations
(cf. Definition 2.2): a rotation of Ωγ simply corresponds to a shift of the argument of the
radial function γ.

2.2. Integral invariants. We now briefly recall the concept of integral invariants and
introduce the circular integral invariant, which has proven to be useful in applications. A
reader interested in this topic may find useful background information in the articles of Manay
et al. [19] or in [4, 5].

The basic idea of integral invariants is closely related to that of differential invariants
but with an emphasis on stability with respect to noise. In contrast to differential invariants
(cf. [2]), which are based on derivatives, the key to noise insensitivity of integral invariants
is the replacement of differentiation by integration. Apart from that, the main features of
differential invariants should be retained, e.g., a possible geometrical interpretation or invari-
ance with respect to some group operation. In case of the curvature of the boundary curve of
a sufficiently regular object—the most common representative of differential invariants—we
have an obvious geometrical interpretation and also invariance with respect to rigid body
motions. More precisely, invariance holds if it is understood in the following sense.

Definition 2.2. A mapping I : L2(S1,R+) → L1(S1,R+) is invariant with respect to the
group of rotations SO(2) if

(2.3) I[γ](τ) = I[γ ◦ h](hτ) for all h ∈ SO(2).

In [22] it has been shown that the area of the intersection of an object with a ball centered
at its boundary is closely related to the curvature of the boundary of the object. This provides
a motivation for the following definition of the circular integral invariant first introduced by
Manay et al. [19].

Definition 2.3. Let R > 0, and define BR(x) := {y ∈ R
2 : ‖x − y‖2 < R}. The operator

IR : L2(S1,R+) → L1(S1,R+) defined by

(2.4) IR[γ](τ) := L2
(
Ωγ ∩BR

(
γ(τ)τ

))
,

where Ωγ denotes the domain generated by the radial function γ (see Definition 2.1), is called
the circular integral invariant (cf. Figure 1).

Theorem 2.4. The circular integral invariant of Definition 2.3 is continuous.

Proof. Assume that γk converges to γ in L2(S1,R+). Then we obtain for almost every
τ ∈ S

1 that γk(τ) → γ(τ). As a consequence, we see that for almost every τ ∈ S
1 we have

that χBR(γk(τ)τ) → χBR(γ(τ)τ) pointwise almost everywhere. In addition, we know that χΩγk

converges pointwise almost everywhere to χΩγ and, consequently, for almost every τ ∈ S
1,

χΩγk
χBR(γk(τ)τ) → χΩγχBR(γ(τ)τ) pointwise almost everywhere.
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e2

e1

Ωγ

γ

R

Figure 1. Visualization of the definition of the circular integral invariant.

Applying Lebesgue’s theorem of dominated convergence twice, we see that∫
S1

∣∣IR[γ](τ) − IR[γk](τ)
∣∣ dH1(τ)

=

∫
S1

∣∣∣∣
∫
R2

χΩγ∩BR(γ(τ)τ)(x) dL2(x)−
∫
R2

χΩγk
∩BR(γk(τ)τ)(x) dL2(x)

∣∣∣∣ dH1(τ) → 0,

which concludes the proof.
It is worth pointing out that the circular integral invariant is a stable approximation of

the curvature of the object’s boundary curve in the limit as R tends to 0. As a consequence,
regions of high curvature—commonly seen as features of the object—are mapped to features of
the corresponding circular integral invariant, allowing for direct identification. More precisely,
one obtains the relation

IR[γ](τ) = π

2
R2 − κγ(τ)

3
R3 +O(R4)

with κγ(τ) denoting the curvature of γ at the point γ(τ) (see [15, 22]). While it is well known
that the curvature function of a sufficiently regular arc length parametrized curve encodes the
underlying object uniquely up to rigid body motions, so far the uniqueness for the circular
integral invariant for fixed R > 0 is still an open question. Note, however, that a result
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SHAPE RECONSTRUCTION WITH INTEGRAL INVARIANTS 731

towards this aim has recently been derived in [1], which shows local uniqueness for curves γ
that are sufficiently close to a circle.

A more detailed discussion of the circular integral invariant is presented in [5]. In addition,
one can find there an explicit formula in terms of the radial function (cf. [5, Lemma 4.2]).
The same formula is used for the implementation of the invariant in the numerical examples
below. Also, the Radon transform of a star-shaped object, the stable approximate inversion
of which is considered in our case example, is rewritten in terms of the radial function. This
enables us to work within the functional analytic setting of the Hilbert space L2(S1,R).

Remark 2.5. Given a star-shaped object in the plane, there are many different possibilities
for describing it in terms of a radial function, depending on the choice of the center of star-
shapedness and the orientation of the object. Concerning the choice of the center of star-
shapedness, it can be shown that the set of all centers of a star-shaped object is convex
and therefore admits a unique center of mass that is again a center of star-shapedness. The
situation is more complicated for the orientation of the object. Here, one can, for instance,
align the object such that the mean direction of the radial function equals the first standard
basis vector of R2. This alignment, however, is only possible if a mean direction exists, which
need not be the case in the presence of symmetries within the object.

3. Example: Shape reconstruction based on the Radon transform. In this section we
consider the problem of reconstructing an object from a given data set that represents the
Radon transform of the object in some predefined directions. More mathematically, this task
can be formulated as an inverse problem as follows: Find an object Ω such that its Radon
transform Rσi for finitely many given directions σi, i = 1, . . . , n, matches the data yi. In other
words, find a solution of

(3.1) Rσi [Ω] = yi, i = 1, . . . , n.

Since we are given only finitely many directions, the problem of solving (3.1) is ill-posed, and
therefore we have to apply some regularization incorporating a priori information about the
geometry of the objects to be reconstructed. In the following we show how information based
on integral invariants can be used in a Tikhonov-like regularization method on the set of all
nonnegative radial functions generating star-shaped objects. In particular, we end up with a
shape optimization problem, where the admissible shapes are restricted to those that can be
represented by a nonnegative radial function. Similar inverse problems for star-shaped objects
have been considered by Hettlich and Rundell (cf. [10, 11, 12]) using different approaches to
stabilize the inversion, among them iterative schemes and also Tikhonov regularization. In
contrast to their proposed methods including only smoothness assumptions, we explicitly
incorporate additional geometric information by means of the circular integral invariant.

Remark 3.1. In practical applications, it is unrealistic to assume that the considered ob-
jects (and also their background) are truly homogeneous. Instead of being constant, the
absorption coefficient in the object can be expected to vary slightly around some mean. If
these variations are sufficiently small and unstructured, then they can be treated in the same
way as measurement errors; if an appropriate regularization method is used, then the pro-
posed model therefore still allows for an acceptable reconstruction. See also the argumentation
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in [24], where a similar model has been used successfully for the direct estimation of interfaces
from sparse tomographic data.

3.1. The optimization problem. We now reformulate the geometrical definition of the
standard Radon transform in terms of the generating radial function. For that purpose we
introduce an operator Rσi that first maps the radial function γ to the object it generates
and afterwards applies to this object the standard Radon transform restricted to a specific
direction σi ∈ S

1. As mentioned in Remark 2.5, it would be necessary to introduce two
additional parameters into the optimization problem, the center of star-shapedness and the
orientation of the object. For simplicity we neglect these parameters in the considerations
below, but refer to Remark 4.1 at the end of section 4, where some ideas are presented on
how they can be incorporated into applications.

Definition 3.2. Let σi ∈ S
1, and define the operator Rσi : L

2(S1,R+) → L1(R,R) by

(3.2) Rσi [γ](α) :=

∫
R

χΩγ (ασ
⊥
i + tσi) dL1(t).

Notice that the geometrical interpretation of Rσi [γ] and the standard Radon transform
of Ωγ coincide. The major difference is the nonlinearity of Rσi with respect to the radial
function γ.

Lemma 3.3. The operator Rσi of Definition 3.2 is continuous.
We now define the Tikhonov regularization of (3.1) in a precise mathematical manner.
Definition 3.4. Let β, μ > 0 and γref ∈ L2(S1,R+). In addition, denote by I : L2(S1,R+) →

L1(S1,R+) the circular integral invariant defined by (2.4). For σi ∈ S
1 and fi ∈ L2(R,R),

i = 1, . . . , n, define

Dσi [γ] :=
1

2
‖Rσi [γ]− fi‖2L2 and P[γ] :=

1

2

(‖I[γ]− I[γref]‖2L2 + μ‖γ′‖2L2

)
,

and define the functional F : L2(S1,R) → R ∪ {+∞} by

(3.3) F [γ] :=

⎧⎪⎨
⎪⎩

n∑
i=1

Dσi [γ] + βP[γ] if γ ∈ H1(S1,R+),

+∞ else.

The operator Rσi is defined for a function depending on values on S
1. Therefore, its

evaluation at a specific point α should be written as an integral over a subset of S1 as well.
A simple parameter transform yields the following reformulation of the operator.

Lemma 3.5. Let σi ∈ S
1. Denote by H1(x) the Heaviside function defined by H1(x) = 0

for x < 1 and H1(x) = 1 for x ≥ 1, and define the half-sphere

S
1
σi,α :=

{
τ ∈ S

1 : sign(〈τ, σ⊥
i 〉) = sign(α)

}
.

The operator Rσi of Definition 3.2 can be written as

(3.4) Rσi [γ](α) =

⎧⎪⎨
⎪⎩
∫
S1σi,α

H1

(
γ(τ)〈τ, σ⊥

i 〉
α

) |α|
〈τ, σ⊥

i 〉2
dH1(τ), α �= 0,

γ(σi) + γ(−σi), α = 0.
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Proof. Let α ∈ R \ {0} and σi ∈ S
1 be fixed. Define fσi,α : S

1
σi,α → R by

fσi,α(τ) :=
〈τ, σi〉
〈τ, σ⊥

i 〉
α.

That is, fσi,α maps a direction τ ∈ S
1
σi,α to the line parallel to σi with offset α (see Figure 2).

A short calculation shows that ‖Dfσi,α(τ)‖ = |α|/〈τ, σ⊥
i 〉2, and, as a consequence, we obtain

∫
S1σi,α

H1

(
γ(τ)〈τ, σ⊥

i 〉
α

) |α|
〈τ, σ⊥

i 〉2
dH1(τ)

=

∫
R

(∫
f−1
σi,α

(t)∩S1σi,α
H1

(
γ(τ)〈τ, σ⊥

i 〉
α

)
dH0(τ)

)
dH1(t)

=

∫
R

H1

(
γ
(
f−1
σi,α(t)

)〈f−1
σi,α(t), σ

⊥
i 〉

α

)
dL1(t).

Thus, the assertion follows from the fact that (see Figure 2)

{
t ∈ R : γ

(
f−1
σi,α(t)

)〈f−1
σi,α(t), σ

⊥
i 〉/α ≥ 1

}
=
{
t ∈ R : ασ⊥

i + tσi ∈ Ωγ

}
.

The optimality condition for (3.3) involves the derivative of the functional Rσi , which,
however, is not differentiable, because the integrand is the shifted Heaviside function H1. For
the numerical implementation of the minimizing procedure we replace the original functional
F by a differentiable version Fε based on a smoothed approximation of Rσi .

Definition 3.6. Let 0 < ε < 1 and σi ∈ S
1 be fixed. Define the operator Rσi,ε : L

2(S1,R+) →
L1(R,R+) by

(3.5) Rσi,ε[γ](α) :=

⎧⎪⎨
⎪⎩
∫
S1σi,α

H1,ε

(
γ(τ)〈τ, σ⊥

i 〉
α

) |α|
〈τ, σ⊥

i 〉2
dH1(τ), α �= 0,

γ(σi) + γ(−σi), α = 0.

Here, H1,ε denotes the mollification of the shifted Heaviside function.

Definition 3.7. Let β, μ > 0 and γref ∈ L2(S1,R+). In addition, denote by I : L2(S1,R+) →
L2(S1,R+) the circular integral invariant defined by (2.4). For σi ∈ S

1, fi ∈ L2(R,R),
i = 1, . . . , n, and 0 < ε < 1 define

Dσi,ε[γ] :=
1

2
‖Rσi,ε[γ]− fi‖2L2 and P[γ] :=

1

2

(‖I[γ]− I[γref]‖2L2 + μ‖γ′‖2L2

)
,

and define the functional Fε : L
2(S,R) → R ∪ {+∞} by

(3.6) Fε[γ] :=

⎧⎪⎨
⎪⎩

n∑
i=1

Dσi,ε[γ] + βP[γ] if γ ∈ H1(S1,R+),

+∞ else.
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σi

σ⊥
i

Ωγ

γ

S
1
σi,α

τ
fσi,α(τ)

α

ασi + tσ⊥
i

Figure 2. Sketch of the parameter transform fσi,α.

The existence of minimizers of the functional F and its approximation Fε is guaranteed
by the following theorem.

Theorem 3.8. The functionals F and Fε of Definitions 3.4 and 3.7 are lower semicontinuous
and coercive.

Proof. We show only the lower semicontinuity and the coercivity of Fε, the proof for F
being analogous.

Theorem 6.49 in [7] implies continuity of the mapping γ �→ Rσi,ε[γ](α) for every α ∈ R. As
a consequence, applying Fatou’s lemma, we obtain lower semicontinuity of Rσi,ε. Proposition
10.7 in [23] shows lower semicontinuity of the smoothing term, and continuity of the integral
invariant (see Theorem 2.4) in particular implies lower semicontinuity.

It remains to show that the functional Fε is coercive. To that end, we show in the following
that every level set of Fε is bounded in H1(S1,R) and, therefore, by the Rellich–Kondrašov
theorem (see [23, p. 258]), precompact in L2(S1,R). Therefore let t > 1 and γ ∈ L2(S1,R)
such that Fε[γ] ≤ t. Then, in particular, we know that γ ∈ H1(S1,R) ⊂ W 1,1(S1,R). By
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SHAPE RECONSTRUCTION WITH INTEGRAL INVARIANTS 735

Theorem 18.17 in [13] we obtain for ϕ1, ϕ2 ∈ [0, 2π[

|γ(ϕ1)− γ(ϕ2)| ≤
∣∣∣∣
∫ ϕ2

ϕ1

γ′(ϕ) dL1(ϕ)

∣∣∣∣ ≤
∫
S1

|γ′(τ)| dH1(τ) = ‖γ′‖L1(S1,R)

and, in particular,

(3.7)

∣∣∣∣max
τ∈S1

γ(τ)−min
τ∈S1

γ(τ)

∣∣∣∣ ≤ ‖γ′‖L1(S1,R) ≤
√
2π ‖γ′‖L2(S1,R) ≤ 2

√
πt

βμ
.

Now let 1 ≤ i ≤ n be fixed. Because fi ∈ L2(R,R), there exists some r̃ > 0 such that

(3.8)

(∫
|x|>r̃

f2
i (x) dL1(x)

)1/2

<
√
2− 1.

Let r := max
{
r̃,
√
t
}
. Now we show that

(3.9) min
τ∈S1

γ(τ) ≤ (2r + 1)(1 + ε) and max
τ∈S1

γ(τ) ≤ (2r + 1)(1 + ε) + 2

√
πt

βμ
.

Assume to the contrary that

(3.10) min
{
γ(τ) : τ ∈ S

1
}
> (2r + 1)(1 + ε).

Observe that for 0 < ε < 1 we have

H1

(
t

1 + ε

)
≤ H1,ε(t) and thus |Rσi,ε[γ](α)| ≥

∣∣∣∣Rσi

[
γ

1 + ε

]
(α)

∣∣∣∣.
A simple geometrical argument (see Figure 3) shows that

(3.11)

∣∣∣∣Rσi

[
γ

1 + ε

]
(α)

∣∣∣∣ ≥ 2r for r < α < r + 1.

Define A := (r, r + 1). Because t > 1, and by (3.8) and (3.11), it follows that
√
t ≥ ‖Rσi,ε[γ]− fi‖L2(R) ≥ ‖Rσi,ε[γ]− fi‖L2(A) ≥ ‖Rσi,ε[γ]‖L2(A) − ‖fi‖L2(A)

=

(∫
A
|Rσi,ε[γ](α)|2 dL1(α)

)1/2

− ‖fi‖L2(A) > 2r − (
√
2− 1)

> 2
√
t− (

√
2− 1)

√
t >

√
t,

which yields a contradiction to (3.10). Thus the first inequality in (3.9) holds. The second
inequality is now a consequence of (3.7). Therefore, we can bound the L2-norm of γ by

(3.12) ‖γ‖2L2(S1,R) ≤ 2π

(
max
τ∈S1

γ(τ)

)2

≤ 2π

((
2max

{
r̃,
√
t
}
+ 1
)
(1 + ε) + 2

√
πt

βμ

)2

.

Together with (3.7), this shows that the level set of Fε to the level t is bounded in H1(S1,R).
Application of the Rellich–Kondrašov theorem concludes the proof.
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σi

σ⊥
i

Ωγ

γ

(2r + 1)S1σi,α

2r + 1

Rσi

r + 1r

Figure 3. Sketch of the estimation of Rσi

[
γ

1+ε

]
in (3.11).

3.2. Γ-convergence. In this section we show that the functional Fε is indeed an approx-
imation of the original functional F .

Lemma 3.9. Let (εk) → 0, and denote by (γεk) a minimizing sequence of the functionals
Fεk . Then (γεk) has a convergent subsequence in L2(S1,R) and the limit of every convergent
subsequence is a minimizer of F .

Proof. The basic idea is to prove Γ-convergence and equicoercivity of the approximating
functionals Fεk . First notice that equicoercivity is a direct consequence of (3.7) and (3.12) in
the proof of Theorem 3.8.

In order to show Γ-convergence we have to verify the following two conditions (see [3,
Chap. 8]):

1. For every η ∈ H1(S1,R) and every sequence (ηk) in H1(S1,R) converging to η with
respect to the L2-norm we have

(3.13) F [η] ≤ lim inf
k→∞

Fεk [ηk].

2. For every η ∈ H1(S1,R) there exists a sequence (ηk) in H1(S1,R) converging to η with
respect to the L2-norm such that

F [η] = lim
k→∞

Fεk [ηk].

D
ow

nl
oa

de
d 

07
/0

2/
12

 to
 1

31
.1

30
.1

86
.1

88
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SHAPE RECONSTRUCTION WITH INTEGRAL INVARIANTS 737

The latter condition follows immediately from the fact that Fεk [η] converges to F [η] as k → ∞
for every η ∈ L2(S1,R).

Let η ∈ H1(S1,R), and let (ηk) be any sequence in H1(S1,R) converging to η with respect
to the L2-norm. We have to verify (3.13). Since the regularization term does not depend on
εk, this is equivalent to showing that Dσi [η] ≤ lim infk→∞Dσi,εk [ηk] for each direction σi ∈ S

1.
The continuity of Rσi implies that, after possible passing to an appropriate subsequence,
R±

k (α) := Rσi [ηk/(1 ± εk)](α) → Rσi [η](α) pointwise almost everywhere. As a consequence,
applying Fatou’s lemma we obtain

lim inf
k→∞

Dσi,εk [ηk] = lim inf
k→∞

∫
R

|Rσi,εk [ηk](α) − f(α)|2 dL1(α)

≥
∫
R

lim inf
k→∞

|Rσi,εk [ηk](α) − f(α)|2 dL1(α)

≥
∫
R

lim inf
k→∞

(
min

{|(R+
k − f)(α)|, |(R−

k − f)(α)|}2) dL1(α)

−
∫
R

lim sup
k→∞

(
|(R+

k −R−
k )(α)|2

)
dL1(α)

=

∫
R

|Rσi [η](α) − f(α)|2 dL1(α)

= Dσi [η],

which proves the assertion.

4. Numerical results. The actual optimization was performed with a gradient descent
approach, which involves the derivative of the functional to minimize. Therefore we have
based the numerical implementation on the smooth approximation functional Fε. The Γ-
convergence of this functional to the original functional F , shown in the previous section,
implies that for a sufficiently small value of the smoothing parameter ε we obtain a solution
that is close to an actual minimizer of F . We have used a finite element approach with
piecewise linear basis functions for the discretization of the regularization functional. All the
integrations were realized by the trapezoidal rule. The iteration was stopped as soon as the
maximal absolute value of the gradient of Fε was below some a priori chosen threshold.

For comparison, we have also implemented a Landweber–Kaczmarz method (see [16]) for
the solution of (3.1), where the radial function of the prior was used as the initial value. This
method aims to find an approximate solution that is close to the given prior by alternatingly
taking steepest descent steps for the squared residuals ‖Rσi,ε − fi‖2, starting from the prior
γref. The iteration then reads as

γ0 = γref,

γk+1 = γk + λ(DRσk modn,ε)
�(Rσk modn,ε[γk]− fkmodn),

where n denotes the number of directions in which the Radon transform is given. In order to
obtain a regularization method, this iteration is stopped well before convergence is reached.
The number and size of the steps taken determine the amount of regularization, fewer and
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738 T. FIDLER, M. GRASMAIR, AND O. SCHERZER

smaller steps leading to a result that is closer to the prior. In contrast to Tikhonov regular-
ization with the functional Fε, where closeness of the prior in terms of the integral invariant
is required, here the closeness of the radial functions themselves is measured. In order to
avoid spurious oscillations in the result we have in addition added a smoothing term in each
iteration step. Also, with this regularization the two methods are more comparable. The
regularized iteration then reads as

(4.1) γk+1 = γk + λ
[
(DRσkmodn,ε)

�(Rσkmodn,ε[γk]− fkmodn)− μγ′′k
]
.

Notice that for the following numerical examples the constant μ was chosen much smaller
than 1. Moreover, we have used the same constant μ for the regularization method given in
Definition 3.7.

In all the numerical examples we have tried to reconstruct an object from its Radon trans-
form given only in four directions. This data would allow a unique reconstruction if we re-
stricted the set of solutions to convex objects [9, Corollary 1.2.12]. In the case of a star-shaped
body, however, the same data is insufficient for a successful reconstruction [9, Theorem 2.3.4]
and, consequently, the problem is ill-posed. To amplify the effect of ill-posedness we have
chosen the four directions in such a way that significant parts of the object are only poorly
resolved (cf. Figures 4 and 5, upper left, where σi ∈ {21.6◦, 36◦, 72◦, 108◦}). For the numerical
experiments we fixed the reference object (see Figures 4 and 5, first row) and used visually
similar objects to compute artificial data sets for Rσi,ε for i = 1, . . . , 4 and ε < 1. The results
of the reconstruction with Tikhonov regularization using the integral invariant in the prior
term are depicted in Figures 4 and 5, middle column; the results of the reconstruction with
the Landweber–Kaczmarz scheme (4.1) are depicted in Figures 4 and 5, right column. In both
figures the left column shows the object from which the data is computed, which at the same
time is the object to be reconstructed.

As can be seen from the figures, the Landweber–Kaczmarz scheme produces artefacts in
regions where the features of the object are poorly resolved by the Radon transform. This is
quite natural, as in (4.1) only the data is used and the prior knowledge about the geometry of
the object is solely incorporated as the initial value of the iteration. In contrast, because in the
poorly resolved regions of the object the integral invariant of the prior covers the geometry,
our method is capable of handling this lack of information and produces reconstructions that
are visually more appealing. These differences can be seen best in Figure 4, last two rows:
Compare, in particular, the shape of the fish head. Admittedly, artefacts are also present in our
results, but they are limited to parts of the object where the prior information contradicts the
object we want to reconstruct. Thus, the artefacts are rather due to wrong a priori knowledge
than to a failure of the method. This effect occurs, for instance, in the first two reconstructions
in Figure 5, especially at the second lower fin, which is present in the prior but missing in
the objects of interest. Thus, both the regularization method and the Landweber–Kaczmarz
scheme try to reconstruct a feature that does not exist. Again, we want to emphasize that
our method does not introduce additional artefacts in parts where the prior information is
consistent with the true solution, whereas the Landweber–Kaczmarz scheme does, which is
a significant advantage of our approach. In addition, the numerical results indicate that our
method is well capable of handling scaled objects (see Figure 4, middle row), which is a
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SHAPE RECONSTRUCTION WITH INTEGRAL INVARIANTS 739

Directions of the Prior Parameter settings

Radon transform

β = 0.05
μ = 0.02
R = 1.0
ε = 0.2

maxτ γ(τ ) ≈ 7

Object to reconstruct Regularization with Kaczmarz scheme

integral invariant

Figure 4. Reconstruction with fixed reference object (prior) shown in the first row. First column: object to
reconstruct. Second column: reconstruction based on regularization with the circular integral invariant. Third
column: reconstruction based on the Landweber–Kaczmarz scheme.

consequence of the fact that the integral invariant reflects mainly curvature information of
the prior [22].

Remark 4.1. As was mentioned at the beginning of section 3.1 one would also have to
incorporate the influence of the two parameters introduced by the parametrization via a
radial function (center of star-shapedness and angle of rotation). In the case of the prior
one can follow the approach given in Remark 2.5 for choosing the center of star-shapedness
and realignment of the radial function. For the reconstruction of a given data set it is then
necessary to ensure that the underlying unknown object is aligned in the same way. Because
we are given the Radon transform only in four directions, the alignment of the object cannot
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Directions of the Prior Parameter settings

Radon transform

β = 0.05
μ = 0.02
R = 1.0
ε = 0.2

maxτ γ(τ ) ≈ 7

Object to reconstruct Regularization with Kaczmarz scheme

integral invariant

Figure 5. Reconstruction with fixed reference object (prior) shown in the first row. First column: object to
reconstruct. Second column: reconstruction based on regularization with the circular integral invariant. Third
column: reconstruction based on the Landweber–Kaczmarz scheme.

be estimated directly from the data. The approach to bypassing this problem that we have
used in our implementation is to compute the best possible match of the Radon transform of
the prior and the given data and use the result for the alignment of the initial value of the
iteration. In addition, one can realign the object during the iteration, again by matching the
Radon transform of the current iterate with the data.

5. Conclusion. In this article we have introduced a Tikhonov-like regularization func-
tional for the reconstruction of star-shaped objects, which is based on the difference of integral
invariants. As a case example, we have considered the problem of reconstructing an object
from its Radon transform given only for a finite number of directions. We have derived the
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SHAPE RECONSTRUCTION WITH INTEGRAL INVARIANTS 741

necessary theoretical background to show existence of minimizers of the Tikhonov functional
and introduced a smooth approximation used for numerical computations. The presented
numerical results indicate that the approach based on integral invariants is suitable for the
estimation of objects in case of insufficient data. In particular, the comparison with a standard
iterative approach has shown that our method creates significantly fewer artefacts.

Appendix. In this section we present some additional numerical results in order to demon-
strate the performance of the proposed regularization strategy based on the difference of
integral invariants and also to show the necessity of regularization. To that end, we have
performed a series of experiments, where we have generated artificial data from a number of
test images, and have applied our proposed method for varying priors both in the noise-free
case and also in the presence of noise.

The following tables contain several key values of the reconstruction process, namely the
data fidelity term (the squared L2-distance of the data and the regularized Radon transform
of the reconstruction) as well as the distance between the reconstructed shape and, first, the
true solution (the shape from which the data was generated) and, second, the shape that was
used as the prior in the specific experiment. All the shape distances are given in terms of the
squared L2-norm of the difference of the radial functions.

Table 1 shows the numerical results in the absence of noise. In this case, the reconstruction
works well independent of the regularization parameter (the parameter in the table was chosen
to be small in order to highlight this independence). Note that the true solutions are not
recovered exactly because of the presence of the additional regularization term penalizing the
norm of the derivative of the radial functions. If, however, the data set is affected by noise,
the quality of the results deteriorates drastically. In Tables 2 and 3, the results for the same
combination of data sets and priors are shown as in Table 1 but now in the case of noisy data
with a noise level of about 15%. One can see that the distance between the reconstructions
and the true solutions is much larger than in the noise-free case. In addition, one can see
the beneficial effect of regularization: In Table 2, we chose a small regularization parameter,
while in Table 3 the regularization parameter was chosen quite large. Accordingly, the method
provides better results in the latter situation than in the former one. However, one also sees
that the results become better, even if one chooses a wrong prior, as long as some features of
the true solution are also present in the prior. Such a behavior would not be possible if the
regularization were based on the L2-distance of the radial functions themselves and not on
the distance between their integral invariants.
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