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CONVERGENCE OF LEVEL SETS IN TOTAL VARIATION
DENOISING THROUGH VARIATIONAL CURVATURES IN
UNBOUNDED DOMAINS*
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Abstract. We present some results of geometric convergence of level sets for solutions of total
variation denoising as the regularization parameter tends to zero. The common feature among them
is that they make use of explicit constructions of variational mean curvatures for general sets of
finite perimeter. Consequently, no additional regularity of the level sets of the ideal data is assumed,
and in particular the subgradient of the total variation at it could be empty. In exchange, other
restrictions on the data or on the noise are required. We consider two cases: characteristic functions
with a parameter choice depending on the noise level, and noiseless generic data.
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1. Introduction and main results. We aim to provide a precise analysis of
the generalized Rudin—Osher—Fatemi denoising scheme based on total variation min-
imization in the low noise regime, in general dimension and with no source condition
assumptions. More precisely, given a real function v : R — R, some ideal data to be
recovered f : R? — R with compact support, an additive perturbation w, as well as a
regularization parameter a > 0, we consider minimizers of

1.1 inf e +aTV(u).
(1.1) it [ v g —w +aTv
We make the following assumptions on the function ¢ appearing in the data term and
its Fenchel conjugate *:

) 1 is a strictly convex and even function with ¢ (0) = 0,
¥* is uniformly convex and |4 (s)| < C|s|¥@~Y for some C > 0.

If 1 < p < 2 the functions t — || /p satisfy these convexity properties [9, Ex. 5.3.10],
so the case p = d/(d — 1) satisfies all the conditions of assumption (A).

Remark 1.1. Since 9 is strictly convex, is even, and vanishes at zero, we have
that ¢(t) > 0 for ¢t # 0. Moreover, * being uniformly convex implies that 1 is
differentiable with ¢’ uniformly continuous [9, Thm. 5.3.17, Prop. 4.2.14], in particular
¥ € CH(R). Moreover, strict convexity of ¢ implies that v* is also differentiable [9,
Thm. 5.3.7]. We will use both of these properties in what follows.

We study the regime in which o and w tend to zero simultaneously, for which
under natural assumptions it is easy to prove (see Proposition 1.7 below) that the
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unique minimizers u, , of (1.1) converge to f in the strong L{. . topology. In partic-
ular, if along a sequence the solutions uq, w, have a common compact support, we
have, using Fubini’s theorem [23, Thm. 2], for a.e. s > 0 that

(1.2) H{tan w, > sYA{f > s}| = 0.

Moreover, this can in some cases be improved to convergence in Hausdorff distance,
which can be interpreted as geometric uniform convergence. This type of convergence
has been proved in [14] for classical Rudin—Osher—Fatemi denoising in the plane and in
[23, 22] for linear inverse problems, bounded domains, Banach space measurements,
and general dimensions. All of these results (with the exception of when explicit
dual certificates for u,,, o are known [14, sect. 8]) assume a source condition implying
OTV(f) # 0 when total variation is considered as a functional on L% (=1 (R%). On
the one hand this source condition guarantees, in particular, that the level sets of
the minimizers uq ., satisfy uniform density estimates independent of o and w, as
long as these are related through an adequate parameter choice. On the other, this
subgradient condition excludes cases of interest where geometric convergence is still
expected, like the case when f is the indicatrix of a planar polygon [14, sect. 3.3].
Our main goal is to obtain this improved mode of convergence while assuming as
little regularity of {f > s} as possible, and this is achieved in two different situations.
The first is when f is the characteristic function of a bounded finite perimeter set, and
admitting noisy measurements with a natural parameter choice. The second concerns
a generic class of bounded variation (BV) functions in which “flat regions are con-
trolled” and including piecewise constant functions, but with noiseless measurements.
The techniques used have as a central point the variational mean curvatures for gen-
eral finite perimeter sets introduced in [8, 6] which, through comparison arguments,
are used as a lower integrability replacement for the missing dual certificates for f.

1.1. Main results.

THEOREM 1.2. Assume that f = 1p, the indicatriz of a bounded finite perimeter
set D C RY, and that the sequences o, — 0 and w, are such that there is some
constant Cy q for which

w /(d—1) « (O
| n||Ld d—1) (Rd) <de<mw ( d)

1.3 5
(1.3) o : ey
where ©,4 denotes the isoperimetric constant in R? and my- is the largest modulus
of uniform convexity (see Definition 1.6 below) for ¢*. Then we have, up to a not

relabeled subsequence, the convergence in Hausdorff distance
dy (0{ua, w, > s}, 0D) — 0 for a.e. s € (0,1).

THEOREM 1.3. Let f € BV(R?) with bounded support. Denote ES = {uq0 > s}
and G° = {f > s} if s > 0, and E = {uao < s} and G* = {f < s} for s < 0.
Assume that s satisfies that |E5AG®| — 0, and also

(1.4) lim dy (G*,G*1") =0, and lim dy (R?\ G*,R?\ G*¥) = 0.
v—0 v—0

Then in the absence of noise (w = 0) we have the convergence dy (OES, 0G*) — 0.

Remark 1.4. Any piecewise constant function satisfies trivially (1.4) at all the
values that it does not attain, and therefore the conclusions of Theorem 1.3 are valid.
It also holds for almost every s under the source condition of [14, 22], a fact we prove
in Corollary 5.9. In contrast, Example 5.10 provides a function f for which the set of
values where (1.4) does not hold is of full measure.
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1.2. Structure of the paper. We start with some preliminary results in sub-
section 1.3. Section 2 is dedicated to auxiliary results about convergence in Hausdorft
distance of bounded subsets of R?. In section 3 we are concerned with variational
mean curvatures, with the main goal of pinning down the construction of such a cur-
vature on the outside of any finite perimeter set, and also stating basic comparison
results. Section 4 aims at the proof of Theorem 1.2 using density estimates that
degenerate as the set D is approached and dual stability estimates with respect to
the noise, which are themselves proved in Appendices A and B. Then, section 5 is
devoted to the proof of Theorem 1.3 by approximation of finite perimeter sets with
the level sets of their optimal variational mean curvatures. Finally, in section 6 we
explore whether it is possible to recover uniform density estimates without the source
condition; it turns out that this is possible for indicatrices of some planar polygons.

1.3. Preliminaries. The total variation TV appearing in (1.1) is the norm of
the distributional derivative as a Radon measure, that is,

d

TV (u) := |Du|(R?) = sup {/ u divz dz
R

z € C;’"(Rd; RY), 2]l oo (Ray < 1} .

Correspondingly we say that u : R? — R is of BV when it belongs to
BV(RY) := {u € Li,(RY) | TV(u) < +oo},

where we remark that we only require such functions to be locally summable. Likewise,
the space BV, (R?) consists of those functions u € Li _(R?) for which | Du|(K) < +o0
for each compact set K. A set E is called of finite perimeter whenever its indicatrix

1g is of BV, and the perimeter is defined as
Per(E) :=TV(1g).

Since this notion is invariant with respect to zero Lebesgue measure modification of
E, we need a notion of boundary which satisfies this invariance as well. For this
purpose, we can take a representative of E for which the topological boundary equals
the support of the derivative of 1g, which can be described [29, Prop. 12.19] as

|E N B(x,r)]|

0<
|B(x,7)|

OF = Supp D1g = {x e R?

<1f01“a117">0}7

and this choice will be assumed in all that follows. Notice that we might have |0E| > 0
(see [29, Ex. 12.25] for an example), so particular care is needed when combining topo-
logical and measure-theoretic arguments for this boundary. The topological interior
of a set E will be denoted by EO, and E() denotes its subset of points of full density in
E. Moreover, convex hulls are denoted by Conv E and complements by E¢ := R?\ E.

DEFINITION 1.5. Taking into account the Sobolev embedding BV (R?) N L*(RY) C
LYE@=1)(RY), we think of TV as defined on LY@~ (RY) and with value 400 on
LYE@=1D)(RA) \ BV(R?). In this context, we speak of its subgradient at some function
u and denoted by O TV (u) to refer to the set of functions v € LY(R?) such that

(1.5) TV(@) — TV (u) > /Rd v(@ — w)dz for all @ € L71(RY).

Let us note that by considering the functional in a larger space, we reduce the set of
possible subgradients and avoid using the dual of the nonreflerive space BV (R%).
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DEFINITION 1.6. Let 1) : R — R be a convez function. We say that 1 is uniformly
convez |9, Chap. 5.3] with modulus of uniform convezity hy > 0 when for all s,t € R
and 0 < p < 1 we have

P (1= p)s +put)) < (1= w(s) + pp(t) — p(l = phy (s — ).

Clearly there is a largest hy, satisfying the last inequality, since it is stable under taking
the maximum over two such functions.

Moreover, the function v is said to be strictly conver when for all s,t € R with
s#tand 0 < p <1 we have

(1= p)s + put)) < (1—p)p(s) + p(t),
this property being weaker than uniform convexity.

From strict convexity and general properties of the space BV(R?) one can deduce
the following basic result on existence and convergence of minimizers for (1.1).

PROPOSITION 1.7. Assuming (A) and [¢(w) < 400, the minimization problem
(1.1) admits a unique solution uy . Furthermore, if o, — 0 and w, are such that

(16) L [ yway <

Qn

then g, 1w, — f weakly in LY@~V and strongly in L] for 1 < q<d/(d—1).

Proof. Let u;, be minimizing sequence for (1.1). Discarding some elements of the
sequence if necessary and using the symmetry of 1) we have the estimate

(1.7) /’L/Juk—f w) + TV (ug) < /¢ )+ TV(f).
On the other hand we also have the Sobolev inequality [4, Thm. 3.47]
(1.8) llug — ckllpasa-n < CTV(ug)

for some constants ¢; € R. Noticing that ¢(t) > 0 for ¢ # 0 and that [¢(w) i
finite, we must have |R?\ {|w| > }| < +oo for all € > 0. Using then (1.7) we have
that [¢(ur — f — w) is also finite, so (because f is compactly supported) the same
is true for R?\ {|ux| > ¢}, and since we are working with functions defined on all
of R? we conclude that ¢; = 0 for all k. Therefore, using weak-* compactness in
BV [4, Thm. 3.23] and weak compactness in L% (=1 we can extract a limit uy
in those topologies. Moreover, we have lower semicontinuity of total variation with
respect to Li. . convergence [4, Rem. 3.5], while positivity and convexity of ¢ imply
that the first term of (1.1) is also lower semicontinuous with respect to weak L/ (4=1)
convergence [17, Thm. 3.20], S0 uq, . must be a minimizer of (1.1), unique since ) is
strictly convex.

In view of (1.7) and (1.6), one can apply the same compactness arguments to
Uq,, .w, O Obtain a subsequence converging weakly in L#(d=1) and strongly in L.
Moreover since ¢ is strictly convex, ¥(0) = 0 and ¥(t) > 0 if ¢ > 0 it must be
increasing on [0, +00), so (1.6) implies that w, — 0 in measure, which in turn implies
[20, Thm. 2.30] also w, (z) — 0 for a.e. x, up to possibly taking a further subsequence.
Finally (1.7) also gives that [ (ua,, w, — f —wn) — 0, so the limit must be f. Since
for any subsequence we are able to find a further subsequence converging to the fixed
limit f, the whole sequence uq,, .,, must converge to it. |
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We recall that for any F, F' with finite perimeter we have [4, Prop. 3.38(d)]
(1.9) Per(ENF)+ Per(EUF) < Per(FE) + Per(F)

and the isoperimetric inequality [4, Thm. 3.46]

Per(B(0,1))

: (d—1)/d d (d-1)/d : _ e\ )T
(1.10) Per(F) > @dmln(|F| LR\ F| ) with €4 = oo G

Below we study in detail problem (1.1) with f = 1p and w = 0, for which the
minimizer 4y, := Uq,o has level sets E := {u, > s} that minimize for a.e. s € (0,1)
P'(1—s) Y'(s)

!

|[EN D[+ —=|E\ D|,

E +— Per(E) + é/EW(S — f(z))dax = Per(F) — o

as can be seen from (A.2), the coarea formula for BV functions [4, Thm. 3.40] and
the general layer cake formula [28, Thm. 1.13]. More generally we have the following.

PROPOSITION 1.8. Let u minimize (1.1). Then for s € (0,+00) its upper level
sets BE® := {u > s} minimize, among sets of finite mass, the functional

1
E +— Per(E) + 7/ (s — f—w),
& JE
and moreover we have
1
Per(E®) = = P (f+w—s).
a Jps

For s € (—00,0) and the lower level sets {u < s} analogous statements hold by
changing the sign on the integral terms.

Proof. The proof of the first statement can be found in [24, Prop. 2.3.14]. The
second is proved in [14, Prop. 3]. 0

Remark 1.9. Note that if s < 0 it is necessary to work with the lower level sets
{u < s} so that [{u < s}| < 400, in which case the integral terms change sign. This
will be useful to keep in mind in some results below.

2. Density estimates and Hausdorff convergence. We begin with some
auxiliary results on convergence in the Hausdorff distance, defined for E, F C R¢ as

(2.1) dy(E, F) := max {sup dist(z, F'), sup dist(y, E)} ,
zeE yeF

and its relation with L' convergence when density estimates are available, which will
be used in the proof of the main results.

DEFINITION 2.1. Let {E,}, be a family of finite perimeter sets of uniformly
bounded measure, that is, there is M > 0 such that |E,| < M for all v. If there
are constants ro > 0 and C € (0,1) such that for all v and all x € OE, we have for
all r < rqy that

|Ey 0 B(z,7)|

22) Blw.r)|

> C,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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we say that this family satisfies uniform inner density estimates with constant C at
scale ro. Similarly, if instead we have for r < rg

|B(z,7) \ By
2.3 — L >
23 Bl ©
we say that this family satisfies uniform outer density estimates, again with constant
C at scale rqg. When speaking of uniform density estimates, we understand that both
estimates hold with the same constants.

First, in [23, 22] the following result is claimed, although with some flaws in its
presentation.

PROPOSITION 2.2. Assume we have {E,},, Ey are subsets of R? satisfying uni-
form inner density estimates with some scale rq and constant C, and such that
|EnAEO‘ — 0. Then d’H(En, Eo) — 0.

Proof. First, we notice that if we have the estimate
(2.4) |E,, N B(z,r)| = C|B(x,r)| for x € OF,, and r < ro,

then we also have
- C - — -
(2.5) |E, N B(y,7)| = 2—d|B(y,r)\ for y € E,, and 7 < 2ry.

To see this, first set r = 7/2. Then, if dist(y, 0E,) > r, the whole ball B(y,r) C E,,
so that |E, N B(y,7)| = |B(y,r)| = |B(y,7)|/2¢ > C|B(y,7)|/2¢ and (2.5) holds. If
0 < dist(y, 0F,) < r, then there is at least one boundary point =, € JE,, for which
B(z,,r) C B(y,7), and applying (2.4) to =, and r we get (2.5).

With these facts, let us assume that there is 6 > 0 such that dy(E,, Ey) > 0 for
infinitely many n, and derive a contradiction. Reducing ¢ if necessary, we can assume
that & < 2r¢. In view of the definition (2.1) we must then have a subsequence ny for
which either sup,cp, dist(z, Fo) > d or sup,¢p, dist(z, E,, ) > d. For the first case,
we have a sequence of points z,, € E,, for which dist(z, Ey) > d. Then (2.5) applied
to E,, and with 7 = § gives

C
|En AEo| 2 |En, \ Eo| 2 |En, N B(2y,,0)| 2 275d|3(0,1)l,
a contradiction with |E,AEy| — 0. For the second case, we obtain z,, € Ey for

which dist(z,, , Fn, ) > d. In this case, we use (2.5) for Ey to end up as before with

k

C

| Eny AEo| > |Eo \ En,| 2 |Eo O B, 0)| > 55071B(0, 1)),

again a contradiction. O

In Proposition 2.2 we only used the inner density estimates. However, for level
sets of total variation minimizers and imaging applications one is mostly interested in
convergence of their boundaries. The latter is not implied by the convergence of the
sets themselves, even under other modes of convergence assumed, as demonstrated in
the following example. We will see later that to obtain convergence of the boundaries,
the outer density estimates also need to be used.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Ezample 2.3. Consider the unit square Ey := (0,1)? and a sequence obtained by
removing from it thin triangles:

rooriem (2t (k) (D))

which admits uniform inner density estimates, but with the outer densities not being
uniform at (1/2,1/2). We have |E,AEy| — 0 and D1g, = Dlg,. To see the latter,
just notice that D1g, = vg, H' L 9*E, and that each of the nonvanishing sides of
the triangle converge to the same vertical segment, but with opposite orientations.
Moreover, since F,, C Ej also

dy(En, Ey) = sup dist(z, E,) < S — 0, but dy(0FE,,0Ey) = 1
zeFEy n+2 2
Remark 2.4. In general, the Hausdorff distances dy(E, F) and dy(0F,OF) are
not related. In [33, Thm. 14] it is proven that these are equal for bounded closed
convex sets, and in [33, Ex. 6 and 13| examples are given for pairs of planar sets
where both possible strict inequalities hold.

Under L' convergence, the Hausdorff convergence of boundaries is in fact stronger.

PROPOSITION 2.5. Assume that {E,},, Eo are subsets of R% such that we have
the convergences

‘EnAEO| — 0 and dq{(aEn, 8E0) — 0.
Then also dy(Ey, Eo) — 0.
Proof. Assume that the hypotheses are satisfied but dy (Ey,, Eo) # 0. Then there
is 6 > 0 with dy(Fn,, Ep) > 0 for some subsequence n;. Removing leading terms if
needed, we can assume that

(2.6) dﬂ(aEnk,an) <

| >,

Now, we have

dy(En,, Eo) =max | sup dist(z, Ey), sup dist(z, Ep,) | >0,
z€E,, z€Eo

so at least one of the arguments in the supremum must be larger than § for infinitely
many k. Assume that it is the first one, and relabel the subsequence ny so that

sup dist(z, Ep) > 6,
zGEnk

implying that there is a sequence z,, € E,, for which dist(z,,,Fs) > J. In con-
sequence for all y € Ey, and in particular for all y € 0Fy, we have |z,, — y| > 4.
Therefore, for each k we must have dist(x,, ,0Fy,,) > §/2, since otherwise (2.6) and
the triangle inequality would lead to a contradiction. Because of the last inequality,
the ball B(z,,,d/3) cannot intersect JE,, and in consequence also not R?\ E,, ,
which forces

B (xnk, g) C E,, and d (zp,, Eo) > 6, so B <aznk, g) C E,, \ Eo,

a contradiction with |E,AEy| — 0. The other case is dealt with similarly. d
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PROPOSITION 2.6. Let E,F C R?. Then
(2.7) dy (0B, OF) < max (dy (E, F), dy(E°, F©)) .

Proof. We use the characterization (often used as a definition of dy; see, for
example, [30, sect. 4.C])

(2.8) dy(A,B) =inf {r > 0| A C U,B and B C U, A}

for the dilations U, A = {dist(-, A) < r}. Now, if the inequality to be proved failed,
denoting
= max (dH(E7 F)7 dH(ECa FC))

we would have that either U, 0F\OFE # () or U,0E\OF # (). Without loss of generality
assume that the first case holds, so that there is x € OF for which dist(x, dF) > r. If
x € F°, by the properties of the boundary we can produce & € F\F with dist(z, 0F) >
r, which since & € F¢ also implies

dist(z, F) = dist(&, 0F) > r,

contradicting r > dy(E, F). Similarly, if € {dist(-,0F) > r} N F, we can find
z € E° with dist(z,0F) > r as well, and as before since & € F'\ E we have

dist(z, F'°) = dist(&, OF) > r,

a contradiction with r > dy (E°, F°). 0
Combining Propositions 2.5 and 2.6 we obtain the next theorem.

THEOREM 2.7. Assume that {E,},, Eo are subsets of R? such that |E,AEy| —
0. Then dy(OE,,0Ey) — 0 if and only if dy(E,, Ey) — 0 and dy(ES, E§) — 0
simultaneously.

We can conclude Hausdorff convergence of the boundaries without the need of
derivatives, by using both density estimates.

THEOREM 2.8. Assume {E,}n, Eo are subsets of RY satisfying uniform density
estimates with some scale ro and constant C' and such that |E,AEg| — 0. Then

dy(0E,,0Ey) — 0.
Proof. We notice that

En AEy = (B, \ Eo) U (Ey \ Ey) = (E, N ES) U (Ey N EY)
= (E§\ Ep) U (E7 \ EG) = ESAE,

and that by taking complements the roles of (2.2) and (2.3) are reversed. Therefore,
using both we can apply Proposition 2.2 for E,, and for ES so that dy (E,, Ey) — 0
and dy (ES, E§) — 0. Proposition 2.6 gives then the conclusion. |

As a direct consequence we get the following result, proved but not explicitly
stated in [14], which also applies to the cases treated in [23, 22].

PROPOSITION 2.9. Assume we have {Ey}n, Eo finite perimeter sets satisfying
uniform density estimates with some scale ro and constant C and such that the char-
acteristic functions 1, — 1g in BV. Then dy(0E,,0Ey) — 0.
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3. A few results on variational mean curvatures. We now turn our atten-
tion to the weak notion of mean curvature for boundaries which will be our main tool
to describe the behavior of level sets of minimizers of (1.1).

DEFINITION 3.1. We say that a set A C R? has a variational mean curvature
K : R?T = R if it minimizes, among E C R?, the functional

(3.1) E — Per(E) — / K.
E

If the set A has a smooth boundary and & is continuous, this minimization prop-
erty implies that the restriction of x to the boundary 0A is, up to a multiplicative
factor, the usual mean curvature of 9A. To see this, just notice [29, Rem. 17.6] that
if 0A is C?, the first variation of the perimeter along the flow generated by a vector
field V € C°(R%; RY) is

(3.2) / divga VdAx*! = / (d* 1)HA V-vg dndt
0A 0A

for divga the surface divergence, v the outward normal vector, and H 4 the usual
mean curvature of dA, while that of the integral term in (3.1) for continuous x amounts
to

—/ KV v dH,
A

from which we conclude by noticing that A is a minimizer of (3.1) and T is arbitrary.
Analogously, if we had v € C? a minimizer of (1.1) with w = 0 and f continuous, using
the implicit function theorem and Proposition 1.8, we would find for E* := {u > s}
that Hgs = —¢'(s— f)/a. If additionally Vu(z) # 0 for all, « taking the first variation
of TV (u), which under this assumption is differentiable and equals [ |Vul, leads to

—éd/ (u(z) — f(z)) = (d — 1)Hg:(z) = div (%) for x € OE°, so u(z) = s.

We recall that there is a natural weak notion of mean curvature based on (3.2), the
distributional mean curvature, which can be defined not just for boundaries of finite
perimeter sets but also for most notions of nonregular surfaces (e.g., varifolds). The
distributional and variational mean curvatures coincide in the very regular case just
described, but it is not quite clear whether they do on less regular cases where both
are available; some positive results are given in [7].

From the definition one sees that variational mean curvatures for a given set, as
functions defined in R%, contain “too much information” and one cannot expect them
to be unique. In fact, if & is a variational curvature for A, any other function x’ with
k' > kon Aand k¥ < k on R? \ A is another variational mean curvature for A as well.

Remark 3.2. Using the coarea and layer cake formulas as for Proposition 1.8, it
is straightforward to check that if we have v € dTV(f) for some f € L¥(4=1 and
v € L%, almost all of the upper level sets of f at positive values are minimizers of (3.1)
with k = v, making v a variational curvature for all of them. For negative values, one
switches to lower level sets and the curvature sign to —v; cf. Remark 1.9.

Being a minimizer of (3.1) is stable by intersection and union, which in particular
enables speaking about maximal and minimal minimizers.
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PROPOSITION 3.3. Let Ey and Es be two minimizers of (3.1). Then E1NEy and
E1 U Ey are also minimizers of (3.1). In particular if one has at least one minimizer
(possibly with inclusion constraints) of (3.1), then there are also a mazimal minimizer
and a minimal one with respect to inclusion.

Proof. One can write, using the minimality of F; and Es and noting that £ N FEs
as well as F1 U Es are admissible for that problem,

(3.3) Per(Ey N Ey) — / k = Per(Fy) — / K
EiNE> Eq

and

(3.4) Per(Ey U Ey) — / k = Per(Ey) — / K.
FE1UE> Es

Summing these inequalities and noticing that the volume terms exactly compensate,
we obtain

(3.5) Per(Ey N E3) + Per(E; U Ey) > Per(E) + Per(Ez).

Now, if either of the inequalities (3.3) or (3.4) was strict, we would also have a strict
inequality in (3.5). But this would be a contradiction with (1.9), so all of these
inequalities must be equalities. 0

We make extensive use of the following basic but fundamental comparison lemma,
for variational mean curvatures.

LEMMA 3.4. Assume that the finite perimeter sets E1 and FEo admit variational
mean curvatures k1 and Ko, respectively, and such that k1 < ko in Eq1 \ Ea. Then
|Eq1 \ Eo| =0, that is, E1 C Eq up to Lebesgue measure zero.

Proof. We can write

Per(El) — / K1 < Per(E1 n Eg) — / K1,
E; E

1NEs

Per(Eg) — / K2 < Per(E1 U EQ) — / K2.
E> E

1UEs

Summing and using (1.9), we arrive at

/ K2 < / R1,
El\EQ EI\EZ

which implies the result. O

We will repeatedly use the previous lemma to compare with balls.

Example 3.5. For zy € R and r > 0, any function VB(zo,r) € L' (RY) with

d
VUB(zo,r) = in B(l‘o,’l"), VB(z0,r) < 0in Rd \ B(ll?m’f’), and
(3.6) "
/ UB(zo,r) = — Per(B(zo,7))
R\ B(zo,r)

is a variational mean curvature for B(zg, ). To check this, first we notice that

Per(B(xo,r)) — / VB(zo,r)(z) dz = 0.
B(zo,r)
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Moreover, for any other finite perimeter set with |E| < oo, we have by the isoperi-
metric inequality (1.10) that for arbitrary y € R¢

Per (B (y,rg)) < Per(E), with rg := (|B(01)|) ,

and clearly |B(y,rg) N B(zo,7)| is maximized by picking y = xzo. If rg > r, then
Per(B(zo,7g)) > Per(B(zg,rg)) but

/ UB(zo,r) ('73) dz < / UB(zo,r) (l‘) dx,
B(mo,T’E)

B(zo,r)

so E could not be a minimizer. If rg < r, then

d—1 d—1
Per(B(zo,75)) = (*2) Per(Blao,1)) = () /B( B0 (@) o
To,T

r
T s [ el
E B(fo,’r‘E) B(:Eo,T‘E)

with equality if and only if rg = r. The case in which |R? \ E| < +oco, implying
that E must be of the form R?\ B(y,7g) for some 7z > 0, is handled with similar
computations once we notice that condition (3.6) prevents the full space R¢ from
having negative energy.

Furthermore, Lemma 3.4 combines with the strict convexity of ¥ to give a com-
parison principle for denoised solutions.

PROPOSITION 3.6. Let g < f and uﬁ;o, uiO be the corresponding minimizers of
(1.1) with w = 0. Then one has uf, ; < ug,o.

Proof. To simplify the notation we drop the subindices that remain arbitrary, but
fixed, in what follows. By Proposition 1.8, one can see that the level sets {uf > s}
and {uY > s} are the maximal minimizers (with respect to inclusion) among E of,
respectively,

1 1
Per(E) + —/ Y'(s— f), and Per(F) + —/ (s —g).
a Jg a Jg
Since 1) is strictly convex, we then have, for s’ < s,

U'(s—g) > (s = f),

which implies by Lemma 3.4 that [{u9 > s} \ {uf > §'}| = 0. Since s’ < s was
arbitrary and these sets are nested with respect to s’, we infer

ﬂ({u9>s}\{uf>si})|o.

n

[{u? > s}\ {u! > s} =

Denoting the set

A= U{u9>s}\{uf>s}: LJ«{u")s}ﬁ{uf<s}7

seER seR
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we would like to see that |A| = 0 so that uf > u? almost everywhere. We cannot
immediately conclude since the union is over an uncountable index set. To proceed,

define
Ag = U{ug >rin{u <r}
reQ

with |Ag] = 0, and let * € A\ Ag. Then there is some sg € R for which both
u9(x) > so and u’ (z) < s hold. However, for all r € Q we have either u9(z) < r or
uf(z) > r. Let {r,}, C Q with r, < so and 7, — sg. If we had that u9(z) < r, for
some n, then u9(x) < 1, < so, a contradiction. So we must have u/(z) > r, for all
n, implying that u/(z) > so, which is again a contradiction. Therefore A = Ag. 0O

In consequence, we also have the following.

COROLLARY 3.7. If g has values in [a,b], then for every « also Ui,o has values in
[a,b].

Proof. Notice that to consider the minimization of (1.1) we do not require that
the data f (with w = 0) is in L4/ (4=D(R?). It is enough that there is a constant cy
such that f —cy € L/ (d_l)(Rd) and the corresponding solution will also have this
property; see the usage of the Sobolev inequality (1.8) in the proof of Proposition 1.7.
This allows comparison with constant functions, which are invariant by minimizing

(1.1). O

3.1. Construction of variational mean curvatures for bounded sets. A
natural question is whether a variational mean curvature can be found for a given set.
The following crucial result proven in [8, 6] provides a positive answer.

THEOREM 3.8. Let D be a bounded set with finite perimeter. Then, D has at
least one variational mean curvature in L*(RY). In addition, there exists a variational
mean curvature kp for D which minimizes the LP(D) norm for all p > 1 among such
curvatures. There might be p > 1 for which this minimal norm is not finite.

The construction of kp in [8, 6] involves choosing a positive function g € L!(R?)
and minimizers of the problems

(3.7) min Per(E) — /\/Eg and
3.8 i Per(F) — A .
(3.8) i Per(F) =2 [ g

Namely, for z € D one defines

(39)  kp(z):=inf{Ag(z) | A >0and x € E? for E* any minimizer of (3.7)},
and for x € R*\ D

(3.10) kp(z) :=—inf{Ag(z) | A>0and z € F* for F* any minimizer of (3.8)} .

By definition xp > 01in D and kp < 0 in R?\ D, consistent with the lack of uniqueness
for variational mean curvatures described above. In later sections of this article we
require a specific choice of g made precise in Definition 3.12. Moreover, the proof of
Proposition 3.3 is also valid with inclusion constraints, so one can speak of maximal
and minimal E* and F*. For completeness, we check that xp is well defined.
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PROPOSITION 3.9. The problems (3.7) and (3.8) admit at least one minimizer.
Moreover if for every compact set K C R% one can find cx such that

(3.11) g(x) = cx >0 for a.e. x € K,

then for almost every x € D, we have that x € E:‘I for some A\, > 0 and E** a
minimizer of (3.7), and similarly for a.e. v € R*\ D and a corresponding minimizer

of (3.8).
Proof. Let us focus first on minimizers of (3.8), for which we consider the equiv-
alent problem for the complement

min Per(E) + )\/Eg.

Let {E,}, be a minimizing sequence for this problem. The objective is nonnegative,
so comparing with any fixed nonempty set we have an upper bound for Per(E,).
Since 1g, (z) € {0,1} and hence bounded in LllOC7 we can then apply compactness
in BVio. [4, Thm. 3.23] to obtain v € BVj,.(R?) such that 15, — v in L} . and in
consequence also almost everywhere. Since Per(E,) = |D1g, |(R?) < C we have in
fact that v € BV(RY), and since the convergence is in L] _ strong, there must be a
finite perimeter set Ey for which v = 1g,. Furthermore, by the lower semicontinuity of
the total variation [4, Rem. 3.5] with respect to L convergence and since g € L'(R?),

using the dominated convergence theorem we have
Per(Ep) < liminf Per(E,,) and / g = lim inf/ g,
n Eo n E,

so R4\ Ej is a minimizer of (3.8). For (3.7) one proceeds similarly, with the difference
that under the constraint £ C D the fact that D is bounded allows us to obtain full
L' convergence of a minimizing sequence {E,, },.

To see the second part, we treat the inside and outside problems separately. First,
notice that D is admissible in (3.7), so we have that

Per(E*) — A /

g < Per(D) — A/ g,
EX

D

or equivalently

A </Dg - /E g) < — Per(E*) + Per(D) < Per(D),

where since g > 0 and E* C D the left-hand side is positive, and using (3.11) for D

we get
1
D<= ([o- [ o) o0
Cﬁ D EX A—00

so for a.e. € D we must have x € E*+ for some \,. Similarly R?\ D is admissible
in (3.8), so using Per(R?\ D) = Per(D) we have for F* any minimizer of (3.8) the

bound
A / g—/ g | < Per(D).
R4\ D FA

This time, to be able to use (3.11) we would need to see that (R?\ D)\ F* = R?\ F*
is bounded, which is not a priori obvious. For large enough A we prove in Lemma
3.10 below that R?\ F* is indeed bounded, allowing us to conclude. 0
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LEMMA 3.10. Assume that for every compact set K C R% one can find cx such
that (3.11) holds and that D C B(0,1). Then there is some Ay such that if A > Ay all
minimizers FX of (3.8) satisfy R\ F* C B(0,1), and in particular |[R?\ F*| < +oo.
Moreover in that case F* N B(0,2) is also a minimizer of

(3.12) Per (F; B(0,2)) —/\/ g.

min
FCB(0,2)\D F

Proof. Let us define the compact set
Ky :=B(0,2)\B(0,1)= |J B(1/2).
©€8B(0,3/2)
Using Lemma 3.4, Example 3.5, this expression, and the condition on g we see that if

2d

=: A1, then K; = B(0,2)\ B(0,1) C F*.
CK,

A >

But since g > 0 and 9B(0,3/2) C K, this means that

Per (F* U (R?\ B(0,3/2))) < Per(F*) and / g=> / g,
FAU (RY\B(0,3/2)) FA

so necessarily R?\ B(0,3/2) C F? for all A > \; as well, hence R?\ B(0,1) C F.
These considerations also directly prove that F* N B(0,2) minimizes (3.12). |

The curvatures arising from this construction are in fact not independent of the
choice of the density g, as is shown in Proposition 3.11 below. As has been noted in
previous works [6, 22], since we work with bounded D, this ambiguity can be mitigated
by choosing g(z) = 1 for all z € D. However, g € L*(R%\ D) is required to make sense
of the unbounded problem (3.8), and there is no canonical choice for it outside of D.
Moreover, as opposed to most other works using this variational mean curvature, we
plan to make explicit use of xp on R?\ D and the corresponding minimizers of (3.8).

PROPOSITION 3.11. For any bounded D and any positive g € L*(RY), there eists
some Ag > 0 such that if X < Ay, the only minimizer of (3.8) is the empty set, and in
consequence kp(x) = —Ag(z) for a.e. x. Moreover, if additionally |R¢\ F*| < 400
for all \, then

kp(r) = =N, g(z) for a.e. x € R*\ Conv D.

Proof. Let us define
Gp := argmin Per(FE),
EDD
which exists by the same compactness arguments as in Proposition 3.9 (if d = 2,
then in fact Gp = Conv D [19]). Then any minimizer F # () of (3.8) must have
Per(F) > Per(Gp), so that

(3.13) Per(F) — /\/ g = Per(Gp) — A g.
F R4\ D
But whenever Per(C
A< = erlGn)
fRd\D g
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we have that the right-hand side of (3.13) is positive, making F' a worse competitor
than the empty set. We can then define

Ag 1= A>0
g Sup{ > FCR4\D

inf Per(F)—A/g—O}2A0>O.
F

Note that inf p-ga\p Per(F) — A [ g < Per(D) — A fRd\D g, the latter being negative
as soon as A fRd\D g < Per(D). This implies that

< Per(D)

Ag < .
! fRd\Dg

To prove the second part, notice that having kp(z) < —Agg(z) means that
x ¢ FAte for some € > 0 or, equivalently, that = belongs to the minimal (in the
sense of Proposition 3.3) minimizer E*s*¢ of

min Per(E) 4+ (A +¢) /Eg.

However, since by assumption we have |Est¢| = |R?\ FA+e| < oo, taking its
intersection with a convex set cannot increase the perimeter (see [12, Lem. 3.5] for a
proof in the general setting) and we get

Per(E* ™€) + (A, + 6)/

EAQ+E

g = Per(E*™ 0 Conv D) + (A, + 5)/ g,

E*9tenConv D

and the inequality would be strict if [E*s+<\ Conv D| > 0, so necessarily

Hx € Rd\ConvD | kp(z) < —)\gg(x)}‘ =

ﬂ EAote ConvD’ =0.

e>0 0

We see that the concrete choice of density g affects the values of kp. We now
introduce one such choice which at least allows for a purely geometric description of
minimizers for A large enough.

DEFINITION 3.12. Assume D C B(0,1). For any R > 1 we define gr by

1 if 0 < |z <R,
(3.14) gr(x ::{ / 2]

gr iflz|>R

for some gy € L*(R%\ B(0, R)) with 0 < g5 < 1 and satisfying (3.11).

Since we will make extensive use of minimizers of (3.7) and (3.8) with this par-
ticular choice of density, we introduce some notation for them.

DEFINITION 3.13. Let A\ > 0 and D C B(0,1) be of finite perimeter. We denote
by D* the mazimal (in the sense of inclusion) minimizer of (3.7) with density go,
that is, of

(3.15) min Per(E) — A E.

We also define D™ as
D™ =R\ F*,
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F1a. 1. Approzimation of the set D with the level sets of kp. For fixed A > 0, we always have
D> C EC D™, and dy (aDA,(?D*)‘) — 0 as A — +oo. With respect to their outer normals, the
free boundaries of D* and D~ have curvature X and —\, respectively.

where F* is the mazimal minimizer of (3.8) with density go. In view of the proof of
Lemma 3.10, whenever X\ > 2d we have that F* can be determined from (3.12), which
since g2 =1 on B(0,2) turns into

min  Per (F; B(0,2)) — A|F|.
FCB(0,2)\D

Moreover, notice that D= can also be found directly as the minimal minimizer of
min Per(E) —l—)\/Egg.
These sets are sketched for d = 2 in Figure 1.

Remark 3.14. We have chosen D C B(0, 1) but other bounded sets can be treated
by rescaling. If for any set £ and g > 0 we consider the rescaled set ¢E we have

Per(qE) — A/ gr(z)dz = "' Per(E) — qd)\/ 9r/q(y) dy,

qFE E

so the minimization problem for these rescaled sets is equivalent to the original one
with A replaced by g and R replaced by R/q.

The choice of signs in the notation is motivated by (3.9) and (3.10) and by the
fact that the free boundaries of D* and D~* have curvature A and —\, respectively,
with respect to their outer normals; see (3.2).

Remark 3.15. From now on, whenever we use the variational mean curvature
kp for some D C B(0,1), we will always assume that the density used is go, as in
Definition 3.13 above.

We will see in later sections that for large values of A, the sets D and D~*
provide us with an approximation of D in Hausdorff distance from the inside and
outside, respectively, motivating the notation. Moreover, they also determine the
curvature kp through (3.9) and (3.10).

3.2. Bounds and examples of variational mean curvatures.

LEMMA 3.16. Assume that xo,r are such that B(xg,r) C D up to measure zero,

that is, |B(xg,r) \ D| = 0. Then the optimal variational mean curvature kp of D
satisfies

d
(3.16) HDyB(xO’T) < —

o
In consequence, for any interior point x € D, we have

d
(3.17) kp(z) < Tst(z.0D)"
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Similarly, for x € RY\ D we have —kp(x) < d/dist(z,0D). Therefore, for any
K C R% we have
Inpllze) < g
K o X . /1 an?
PIL=K) S dist(K, 0D)
where dist(K, dD) := inf, ¢k dist(z, 0D).

Proof. By the definition of D* as the maximal solution of (3.15) and that of xp
in (3.9), z € D implies kp(x) < A. On the other hand, by Lemma 3.4 and since by
Example 3.5 we know that we can find a variational mean curvature for B(zg, r) with
value d/r in B(zg, ), we have that A > d/r implies B(zq,7) C D?, so for x € B(x, 1)
we get kp(z) < A for every A > d/r, which is (3.16). To see (3.17), just notice that
since x € D, we have that B(z,r) C D for each r < dist(x,dD).

If z € R\ D, we can proceed similarly using F* = R?\ D= and its varia-
tional problem (3.8). These two cases prove (3.18), since the bound is trivial when

(3.18)

dist(K,0D) = 0. a0
LEMMA 3.17. Let D C R¢ be bounded. Denote by
. Per(E)
D) = min —m

the Cheeger constant of D, the minimum being attained at Cheeger sets of D. Then
kp(x) = h(D) for x € D, with equality for x € Cp, the maximal Cheeger set.

Proof. We again consider the problem

(3.19) o1 Per(E) — A|E|

with D? its maximal solution. Assume A > 0 is such that | D*| # 0; then by comparing
with the empty set we have

Per(D*) — A|D*| <0,

which implies
Per(D*) . Per(E)
A2 —57 2 — o = D),
D~ B T M)
which implies, recalling (3.9), that kp(z) > h(D) for all € D. Similarly, considering
(3.19) for A = h(D) we get
Per(DMP)y — h(D)|DMP)| < 0,
so that D™P) is a Cheeger set, and in fact by maximality D"(P) = Cp, which in turn
implies kp(z) = h(D) for x € Cp. O
PROPOSITION 3.18. Let S = (0,1)x(0,1) be the unit square in R%. Then denoting
by Q' :=(0,1/2) x (0,1/2) the lower left quadrant we have
s () = h(S)=1/rs =2+ ifzeCs,
’ (21 + a2+ v2nz) L ifee(S\Cs)NQY,

and similarly for the other quadrants. The Cheeger set Cs (unique by convexity; see
[3]) is given by

(3.20)

Cs = {:c € S|dist(x, (rs,1—rg) x (rg,1 frs)) < Ts}.
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Proof. If © € Cg we use Lemma 3.17; the value of rg can be found, for example,
in [25, Thm. 3]. If ¢ Cg, without loss of generality we can assume that z = (21, 22)
isin (S\ Cs) N Q. Now, z belongs to the circle centered at (R(z), R(x)) with radius
R(z), that is,
(z1 = R(x))* + (22 — R(2))* = R(x)*.

This is a quadratic equation for R(x) that we can solve to find kg(z) =1/R(z). 0O

Remark 3.19. Tt is proved in [31, Thm. 3.32(i)] that for a convex planar set E and
A small enough, E* can be written as a union of balls of radius 1/A. In this situation,
the proof of [25, Thm. 1] building up on this characterization as a union implies in
particular that

1
E* = [E];* + 1B(0.1),

where [E]Zl/ A € Eis the 1/M-offset of E in the direction of its inner normal, so that £*
is obtained by a “rolling ball” procedure. Furthermore, it has been recently proven
[26] that the same characterization holds for more general planar sets, namely Jordan
domains with no necks.

4. Convergence for indicatrices with noise. In this section we prove Theo-
rem 1.2 on Hausdorff convergence of level sets for denoising the indicatrix of a bounded
finite perimeter set D C B(0,1), with the variational mean curvature kp € L'(R?)
constructed with the choices of Definition 3.13 used in the formulas (3.9) and (3.10),
and with noise and parameter choice controlled by (1.3). To this end, let u, o be the
precise representative of the minimizer of (1.1) with f = 1p and w = 0, that is, with
no noise added. We denote by

1 !
« = b - - k]
Ka = Ua0 = —%'(1p — Ua,o)

the corresponding variational mean curvature associated to the level sets of uq
through duality in Proposition A.1. The definition of kp also provides us with a
natural precise representative for it; we will implicitly use these precise representa-
tives in the rest of the section.

Now, using Corollary 3.7 and since uq,o is the result of denoising 1p which has
values in [0, 1], we only need to consider s € (0,1) and consequently ES = {uq 0 > s}
always denotes upper level sets (cf. Proposition 1.8).

We implement the local strategy of [14, Thm. 2], which requires that v, o is Lé-
equi-integrable only on K5 = {dist(-,dD) > ¢} for each § > 0. This equi-integrability
is in turn a consequence of Lemma 3.16 and Proposition 4.1 below, which combine to
give the bound

d
(4.1) lvasollzee sy < 5

PROPOSITION 4.1. The noiseless dual variable ko satisfies |ko| < |kp| almost
everywhere.

To prove this proposition, which depends crucially on assumption (A), we will
use the following lemmas.

LEMMA 4.2. The denoised solution uq o with f =1p and w = 0 satisfies

Uao(z) =0 for a.e. x € R\ Conv D.
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Proof. Denote u := uq,0, and assume for the sake of contradiction that
[{u # 0} \ Conv D| > 0.

This implies, defining u. := ulcony p, that

R4 ,l/}(u - 1D) - /ConvD w(u - 1D) * ~/Rd\C0nvD w(U)
>/ QZJ(U71D): 1/1(ucle).
Conv D R4

Moreover we can write the coarea formula for u as

0

+oo
TV(u) = /0 Per({u > s})ds —|—/ Per({u < s})ds

+o00 0
> / Per({u > s} N Conv D) ds + / Per({u < s} N Conv D) ds
0

— 00

+o00 0
= /0 Per({u. > s})ds +/ Per({u. < s})ds = TV (u.),

—00

where we have used that the level sets {u > s} for s > 0 and {u < s} for s < 0
must have finite mass since v € L% (@~ and the convexity of Conv D. These two
inequalities mean that u could not be a minimizer. 0

LEMMA 4.3. Let 0 < s < 1. Then

(4.2) D* C ES when 0 < X\ < ¢/'(1—s)/a,
whereas
(4.3) ES C D™ for 0> —\> —¢/'(s)/a.

Proof. First, notice that the problems (3.7) and (3.8) satisfied by D* and D~*
are of obstacle type, so that as in [23, Lem. 9], one can lift the obstacle constraint
and conclude that D* minimizes

(4.4) E s Per(E) — / k) with &} = Ap + kplgap
E
whereas D~ minimizes

E + Per(E) —/ K

o with Iig = —)\ggle\D — ﬁDlD-
E

Therefore, we can write

Per(E:S N D) — / K} > Per(D*) — / K.
EsNnD>* D>

On the other hand, the level set ES has a curvature x,, which allows writing

Per(E: U D*) — /

E3UuD*

Ko = Per(E?) —/ K-
E

s
a
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Summing these two inequalities, we obtain

A
/ A / Ko
D \Eg D \Eg

that rewrites, since D* C D and using the definition of k2 in (4.4),

(4.5) /D\E ()\ - w(la_“‘*)) > 0.

Now, on (E2)¢ by definition u, < s which, since ¢’ is strictly increasing, implies
A=Y (1 —uq)/a <X—¢'(1 —s)/a. Therefore, for A < ¢'(1 — s)/a, (4.5) can hold
only if |D* \ E3| = 0, that is, D C E2 a.e.

Similarly, we can write

Per(ES UD™) — /

A —A A
; DAK‘))PQI(D )—/ Ko,
2UD-

D—X

Per(E: N D) — /

Ko = Per(ES) —/ Ko
EsnD->

E

s
@

to sum these inequalities and, using (D~*)¢ C D¢ and u, > s on E, obtain

), ()
O>/Eg\DA< « A2 >/Eg\DA o A2 )

Hence, since we have go < 1, as soon as 0 < A < 9'(s)/a, we obtain E5 C D™ a.e. O

Proof of Proposition 4.1. First we take x € D (this implies by definition xp(z) >
0) and define s := uq (), implying kq(z) = (1 — s)/af, and assume that for some
e>0
!/

1_
(4.6) Ko(x) = v =s) > kp(x) + ¢,

!
to then use Lemma 4.3 to derive a contradiction. By definition of the level sets we
have that for all 6 > 0,

(4.7) re B0 and o ¢ ESTO.

This combined with (4.2) implies that © ¢ D* whenever 0 < A < ¢/(1 — s — §)/a.
On the other hand, since go(x) = 1 the construction (3.9) of kp, (4.6) and (4.3) give
x € D for all A > ¢'(1 — s)/a — e > 0, where for the last inequality we have used
(4.6). Choosing ¢ such that

P'(1—s)—9'(1—s-90)<ag,

which is possible since ¢ € C!(R), these two statements are contradictory and there-
fore we must have k. (z) < kp(x) for all x € D.

Now, if z € R4\ D, by Lemma 4.2 we can assume x € Conv D\ D, since otherwise
we would have k,(x) = 0 and the inequality is trivially satisfied. This implies in
particular that go(z) = 1 (see (3.14)) and we can proceed similarly as above. We have
Kao(x) =9/ (—s)/a and kp(z) < 0, and failure of the statement means that for some
€ > 0 we have
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Kalx) = < kp(x) —e.

As before, for any § (4.7) holds and (4.3) then implies that 2 € D~ as soon as
0> —X>9/(—s+ J)/a. However, the definition of kp (3.10) and that g2(z) = 1
imply that @ ¢ D™ if =\ < kp(x) < ¢'(—s)/a +e < 0, so that if § is such that
P'(—s 4 6) — ¢’'(—s) < ae we again derive a contradiction. O

Remark 4.4. It might seem slightly surprising that even though the construction
of kp depends on the density g, as has been seen in Proposition 3.11, we can still
obtain the inequality |ko| < |kp|. There are two reasons for this. First, we were
able to bound the support of u, in Lemma 4.2, allowing us to avoid the unintuitive
behavior of kp for small negative values and far away from D. Second, with our
particular choice (3.14) we have go = 1 in Conv D, so we can still obtain the desired
comparison without distorting the values of k, in question.

As a consequence of (4.1) we can obtain uniform density estimates for the level sets
E;w = {Uq,w > s} outside of K5 with scale rs and constant C5 possibly degenerating
as d — 0. These are proved in Proposition B.1 of Appendix B. A further consequence
of these density estimates is the following compact support result.

PROPOSITION 4.5. Assume a parameter choice such that
(4.8) [[Va,w — Va0l Laraey < Co < Og,

where Vo 4 i the duality certificate for (1.1) of Proposition A.1, and that f = 1p for
D bounded. Then there is R > 0 such that

Supp e, C B(0, R)
with R depending on Cy but not on the specific a and w.

Proof. Denote E := Ej, ,, = {taw > s} for s > 0 and {uaw < s} if s < 0 where
o, w are fixed. Since Per(E) = sign(s) [, va,w by Proposition 1.8, using the Holder
inequality, (4.8), the isoperimetric inequality (1.10), and Proposition 4.1, recalling

that vo,0 = Ko, We get
/(”a,w — Va,0) / Va0
E E

< Co| B/ +/ lva,0l < ©7'CoPer(E) + ||kpllL,
B

Per(E) < +

(4.9)

which provides a uniform bound for Per(E).

To prove (4.5) we derive a uniform bound for diam(FE), which does not follow
from the perimeter bound alone. However, we have that by (4.1) the hypotheses of
Proposition B.1 are satisfied with K = {dist(-,0D) > 1} and
cl/d
T dBo.
so the F satisfy uniform density estimates at some scale rx and with constant Cx
outside the bounded set K, which are then combined with the fact that (4.9) and the
isoperimetric inequality imply a uniform upper bound for |E|. We can then prove the
diameter bound by considering points z,, € OE\ K, n =1,..., N, with |z; —2;| > ro
for ¢ # j and some 19 € (0,rk). The inner density estimate |E N B(xy,,70)| >
C|B(zn,70)| combined with the uniform bound for |E| gives a uniform upper bound
for N, hence also for diam(FE). d
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We are now ready to prove the main result of this section.
4.1. Proof of Theorem 1.2.

Proof of Theorem 1.2. First, we notice that the definition of the Hausdorff dis-
tance reads

dy(0E;, ,,,0D) = max( sup dist(z,dD), sup dist(x,aEz,w)> .
T€EIEE x€dD

a,w

Therefore, we need to prove the two statements

(4.10) sup dist(z,0E; . ) — 0and
€D )

(4.11) sup  dist(z,dD) — 0.
xeaE(S’énvwn

Let us start with (4.10), for which the argument follows closely that of [14,
Prop. 9], which we reproduce for completeness. Since the parameter choice (1.3)
implies in particular condition (1.6), arguing as in the proof of Proposition 1.7 we
have, up to a subsequence, that Du,, .., — D1p. Now the coarea formula, as formu-
lated, for example, in [5, Thm. 10.3.3], tells us that we can slice these measures (and
not just their total variations) so that

400 400
Dug,, w, (A) = Dlgy,, .. >sp(A)ds = Dlg; ., (A)ds for Borel sets 4,

— 00 — 00

and therefore for a.e. s € (0,1) we in fact have

(4.12) Dlg: A Dilp.

n,Wn

Now let « € Supp D1p; then for any r > 0 using (4.12) we get

0 < |D1p|(B(x,r)) < liminf |D1g- |(B(z, 7)),

An,Wn

which implies that lim sup,, dist(x, Supp D1g, ) <r. Since r > 0 was arbitrary we
conclude dist(z, Supp D1g, . ) — 0, and in particular

sup  dist(x, Supp D1g ) — 0.
z€Supp D1p

Qp,Wn,

Finally, as mentioned in section 1.3, we always use representatives for E,, and D

for which

n,Wn

OFq, w, =Supp Dlg, , and 0D = Supp Dlp,

completing the proof of (4.10).

To prove (4.11) we assume it does not hold to reach a contradiction. On the one
hand, we notice that using the parameter choice (1.3) and Proposition A.2, we can
apply Proposition 4.5 to see that the uq,, 1, have a common compact support. This,
combined with the convergence in LlloC of uq,, w, proved in Proposition 1.7, implies
that |ES . AD| — 0. On the other hand, if (4.11) fails, from Proposition 2.6 and
its proof we see that we must have either

(4.13) sup dist(z, D) 4 0 or sup dist (Jc, R\ D) # 0.
meES‘nvwn IERd\E;n,wn

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/16/21 to 131.130.169.5. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

VARIATIONAL CURVATURES AND TV DENOISING 1531

Assume the first is true, so that there is § > 0 and a subsequence z, € Ej,
for which dist(z,, D) > 0. In that case, by the inner density estimates proved in
Proposition B.1 of Appendix B, we have that

|E;n;wnAD‘ 2 ‘E(ivuwn \D‘ 2 ‘B(.’L‘T“(S) n E(in,wnl 2 05|B(0? 6)|?
a contradiction. If the second case of (4.13) was true, we instead use the outer density
estimate to again contradict the L' convergence. ]

5. Convergence for generic BV functions without noise. This section is
aimed at the proof of Theorem 1.3 and simplified versions of it for piecewise constant
functions. We are concerned with the noiseless situation, that is, we assume w = 0
throughout. Moreover, we always assume Supp f C B(0,1) which, arguing as in
Lemma 4.2, implies

(5.1) Supp uq,0 C Conv (Supp f) C B(0,1).

It might seem that also in this case the convergence could be obtained by following
the same arguments used in section 4. This would require reproducing the inequality
|va,0] < |kp| of Proposition 4.1. However, it is not clear how to construct a function
that acts as a variational curvature for all the level sets of f simultaneously and also
plays the role of kp in the previous inequality, even for piecewise constant f. To
gather some intuition, one can notice that when the data is a characteristic function
f = 1p, the boundary of the noiseless level set E3 can be decomposed into two parts:
a part of the boundary of D and a free part (which is actually C*7 for v € (0,1/2)
[29, Thm. 21.8]) with mean curvature (s — 1)/« or —s/« for points inside or outside
of D, respectively. In turn, assuming g = 1 at the points under consideration, the
same is true for the sets D** defined with curvature £\ and constraints to lie inside
or outside of D and used through (3.9) and (3.10) in the definition of xp. This
allows us to easily compare them to the mentioned level sets through their respective
variational problems. Since at present we do not know which would be the variational
problem defining a hypothetical analog of D**, in this section we work with the same
construction of curvatures of section 3 but applied to each level set of f separately.

5.1. Approximation with the level sets of the optimal curvature of D.
The key to the results of this section will be to know that we can approximate any
D c B(0,1) with the sets D* and D~ as A — oo arising from the choices of Definition
3.13. First we note that this approximation happens in mass.

LEMMA 5.1. For D C R bounded of finite perimeter, we have as A\ — 400 that
|D\ D* =0, and |D~*\ D| = 0.
Proof. Tt is contained in the proof of Proposition 3.9. For the inside approximants

D?, the result is proven also in [32, Thm. 2.3(ii)]. d

Moreover, this two-sided approximation also holds in Hausdorff distance of the
corresponding boundaries.

LEMMA 5.2. For D C R? bounded of finite perimeter and every & > 0 there exists
Ae > 0 such that D C D C D™, d3(0D*:,0D) < ¢ and dyy(0D~*,0D) < .

Proof. The interior approximation is proved in [32, Thm. 2.3(iv)]; we reproduce
their argument here and see that it can also be applied for the exterior approximation
with D~
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To start, let € D with dist(x,0D) > e. Then we have that B(z,e) C D, and as
in the proof of Lemma 3.16 we must have B(z,¢) C D* for all A > ¢/d, in particular
x € DX\ dD*, implying

sup dist(z,dD) < € for all A > ¢/d.
z€OD*

For the other term of the Hausdorff distance, the strategy is to cover 9D with finitely
many balls B(xj,e) with j = 1,...,N. and z; € D, which is possible since 9D is
bounded. Then, since Lemma 5.1 implies that |D\ D*| — 0 as A — oo, we can choose
Ae such that |D*s N B(z;,¢)| > 0 for all j. Since these balls cover D, we have that

sup dist(z,0D*) < e for all A > A..
z€0D

Since it was only used that D = (R \ D) is bounded, we can proceed in the same
way for the approximation with @D ~*. For the first part, it suffices to notice that by
definition F* = R?\ D~ are minimizers of (3.8), so if x € R?\ D with dist(z, dD) > ¢
we must also have B(z,e) C F* = R?\ D™ for all A > ¢/d. Moreover, we have
|D=*\ D| — 0 by Lemma 5.1, which allows us to repeat the covering argument. 0O

COROLLARY 5.3. For every bounded finite perimeter set D C R? and every e > 0
there exists Ao > 0 such that

dy(D* D) < e and dy(D~ <, D) < ¢,

and also
dn(RY\ DX R\ D) < e and dy(R?\ D™ R4\ D) < e.

Proof. 1t follows by Lemmas 5.1 and 5.2 combined with Theorem 2.7. Note that
the latter theorem is not quantitative and we could get different values of A, from it
for the different convergences, but we can then just use the largest of the two. 0

Example 5.4. A result like Lemma 5.2 can hold only for bounded sets. As a
counterexample, consider D defined by

D= @OB(@,O),%L).

Clearly we have |D| < co and Per(D) < oo, but D* must be a union of finitely many
balls, so d (0D, 0D*) = oo for all A > 0.

To obtain Hausdorff convergence in the noiseless case, we do not need to use
density estimates; for indicatrices it is enough to combine Lemmas 4.3 and 5.2.

PROPOSITION 5.5. Let f =1p with D C B(0,1), w = 0, and denote by uq o the
coresponding minimizers of (1.1). Then for almost every s € (0,1), the boundary OE?
of the level set ES = {uq,0 > s} converges in Hausdorff distance to OE§ = 0{f > s}
as a — 0.

5.2. Denoising of a generic BV function. Proof of Theorem 1.3. Let
now f be a generic BV function supported in B(0,1) and let u, the minimizer of
(1.1) with w = 0. One wants to reproduce the construction of section 5.1 for every
level set of u,. We denote G° := {f > s} for s > 0 and G° := {f < s} for s < 0 the
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level sets of f and similarly E? = {us > s} for s > 0, ES = {u, < s} for s < 0 the
ones of uq. The sets E minimize

(5.2) E s Per(E) + Sigz(s) /E W (s —

In contrast to the situation in section 4, the functions involved may take negative
values, but by using lower level sets for s < 0 we ensure that these are also contained
in B(0,1). With this in view, given € > 0 we have by Lemma 5.2 for each s an
approximation (GS))‘(E’S) of G* from inside, which to make the notation slightly lighter
we denote as
( )A(e,s) c Gvs7

S

K3

with dy (OGS _,0G®) < € and curvature K

- bounded above by A(e, s). Similarly we
denote by

€

G = (G) &) o6

the corresponding approximation of G* from the outside with dy(9G} ., 0G*) <
and curvature x; . bounded below by —A(e, s) on B(0,1).

LEMMA 5.6. Let €,6 > 0. Then for o small enough (depending on s, §, and €),
IGSEO\ B3| =0 and |[E5\ G5°| =0 for s >0,
and analogously
G52\ B3| =0 and |[E5\ G5E°| =0 for s < 0.

Proof. We assume that s > 0, since the case s < 0 follows in a completely
analogous way after noticing that using lower level sets induces a change of sign in
(5.2), as well as a change in the direction of inclusions with respect to s. Therefore,
let s > 0 and § > 0 be fixed. To simplify notation in the proof, since ¢ is also fixed,
we omit it and denote

Gs+5 Gs+6 (Gs+6) as-&-é)’ /{;’9+5 — K:§+5 <
Gs 6 Gs é (Gs 5) A(e,s—=0) and Hz—é P é

Using the minimality of EZ in (5.2), one can write

Per(ES) + Yis=h < Per(E3 U G519 +/ Vs =)
EsuGste

Es @ o

+0

On the other hand, since x5 is a variational curvature of G$*°, one has

Per(G519) — / P L Per(GSH N ES) — / RO,
a:te G

S48 ~
ey

Summing these two inequalities and using (1.9), we get

(53) _/ K§+5</ M
GItO\ES GyTO\Eg «

Now, recall that Gf+5 C G*1% meaning that f > s+ 6 on this set. Hence s — f < —§
and, since 1’ is increasing and v is even, (5.3) implies

!/
/ (—K,eré + '(/J (6)> < 0.
GE’+5\EZ (07
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Since k579 < A(e, s + ), as soon as a < 9(8)/A(e, s + §), which is always possible
since 9 (§) > 0 by strict monotonicity, one must have |G5 \ ES| = 0.
Similarly, the equality |E5 \ G57°| = 0 is obtained writing

! _ !/ _
Per(E:) + Yis—J) < Per(ES N G370 —|—/ Yis=f)
Eg @ E3nG3~? a
and
Per(G57°%) — / kSO < Per(GE P UES) — / kSO,
as™e G5 °UEs

Summing these inequalities we obtain

/ TP/(S_f) <_/ Hsfts'
pAGETS @ BAG

Now, the complement of G5~° contains the complement of G*~%; therefore on this
set, one has f < s — §, which implies

/
foe ()
E3\G3~

which together with k370 > —\(g,s — &) on B(0,1) and (5.1) forces the expected
equality as soon as a < ' (8) /Mg, s — 9). |

We can now prove the main result of this section.

Proof of Theorem 1.3. The proof strongly relies on Lemma 5.6, and once again
we assume without loss of generality that s > 0 is fixed. Let n > 0 and ¢ = n/2.
First, we show that one can find «q such that dy (E2, G®%) < n for every a < ap. Using
assumption (1.4), there exists § > 0 such that

(5.4) dy (G*F°,G%) < e.

Then, Lemma 5.6 ensures the existence of ag such that for @ < ag, we have up to
measure zero Gi1° C E5 C G357°. Now, we just have to note that

dy(ES,G%) = max{ sup dist(z, G*), sup dist(ac,EZ)} ,

TEEE zeG*
for which
ij;‘s C EZ = sup dist(z, E) < sup dist(x,Gf;f‘S)
z€G* z€G*
and

ES C G50 = sup dist(z,G%) < sup dist(z,G*).
’ EASY D5 -'L'EG;;(S

Now, the triangle inequality for the Hausdorff distance, (5.4), the Hausdorff conver-
gence of Lemma 5.2, and Theorem 2.7 imply

sup dist(z, Gf:fé) < dy(G*, Gf-sa-(s)
ze€G*® ? »

< dy (G, G*T0) +dyy (G°F,Gi10) < 22 =1
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and

sup dist(x, G%) < dH(GsyGi,j)

zeqs?

<du(G*,G*0) +du(G*°,G5 %) < 2e = .
We therefore conclude
dy(G®,E}) < 2¢ = for a < ap,

as claimed.
Similarly, using the second part of (1.4) we notice that Lemma 5.6 also provides
us with the reverse inclusions for the complements

R\ G 5 RI\ES o R\ GE°

0,

so we find, possibly reducing «q, that also
dH(Rd \ E(‘;Rd \ G®) < n for a < ap.

Using inequality (2.7) of Proposition 2.6, convergence in Hausdorff distance of the
sets 5 and their complements as o — 0 implies convergence of the boundaries. 0O

Remark 5.7. We recall that |E3AG*| — 0 holds for a.e. s because of the strong
L' convergence u, — u, which is implied by the support bound (5.1) and the L] _
convergence proved in Proposition 1.7.

The assumption we used for the level sets G° holds for many well-behaved func-
tions, in particular the following.

PROPOSITION 5.8. Let f be such that the level sets G° satisfy uniform density
estimates at some scale ro and constant C, independent of the level s. Then (1.4)
holds for a.e. s.

Proof. By the assumption and arguing as for (2.5) in Proposition 2.2, we have
that at any point € G° we have the inner density estimate

|G* N B(x,r)|

5.5 >C

5 Bl ~

for r < 7y = 279 and 79, C = C/2% independent of x and s. Moreover, since the G*
are decreasing in s we may assume § > 0 when taking the limit, and to conclude that

dy (G®,G°9) = 0 we just need to check

5.6 sup dist(z, G*1° =0, 0,
( p
zeGs

since the other term in the Hausdorff distance vanishes. However, if (5.6) were false,
we can find {8;};, p > 0, and 5, € G* such that dist(xs,, G*+%) > p. But using (5.5)
for G® and z;,, and possibly reducing p so that p < 7y, we have

|G°\ G| > |G* 1 B(as,, p)| = C|B(as,, p)| = CIB(0, p),

which is a contradiction with [G®AG**| — 0 as § — 0 that clearly holds for a.e. s.
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Moreover, we also have the outer density estimate

[B(z,r) \ G|

(5.7) Bz

>C,

again for r < 7o = 21 and C = C/2%. Since the sets R? \ G* are increasing in §, to
conclude that dg (R?\ G*,R?\ G*1°) — 0 we must check
sup  dist(z,R%\ G¥) 220,
z€RI\G*s+9

If this does not hold, we can find {&;};, p > 0, and x5, € R\ G*% such that
dist(ws,, R\ G*) > p. But using (5.7) for G*% and x5, and with p < 7o we have
(R G) \ (R G7)| =[G\ G| > |Blas,, )\ G+
> C|B(ws,,p)] = C1B(0, )],

leading again to a contradiction. O

The results of [14] or [22] then directly imply that this assumption is also valid
when the source condition holds.

COROLLARY 5.9. Let f be such that
OTV(f) # 0.
Then the level sets G® of f satisfy (1.4) for a.e. s.

This conclusion is, however, nontrivial, since it could be that (1.4) fails for a set
of values of full measure.

Ezample 5.10. Let {B;};>0 be a collection of balls such that

oo
B; C B(0,1), BinB;=0ifi#j, Y Per(B;) < +o0.
=0

We construct a function

- 3
= a;lg, with C; = B; +0(i) | =,0
f ; i1C; 7 7 ( ) <2 )
and values a; and offset signs o (i) € {—1,1} that we now describe. For that, let B be
the subset of functions in 2V with finitely many nonzero values, and let us enumerate
its elements as {b;};>0 in an order in which the position of their last nonzero value is
increasing, say,
0, 1, 01, 11, 001, 011, 101, 111, 0001... .

The o (i) are defined iteratively by
c(0)=1, o(1) = —1, and (i) = (—1)(c 0 Lo p)(b;) for i > 2,

where ¢ : B — NU{0} gives the index in the enumeration described, and p : B\{0} — B
is the map that deletes the last nonzero element. Since ¢ o p(b;) < 4, this process is
well defined. Finally, let

oo

k=1
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Now, for any value s € (0,1) with an infinite binary expansion and all irrationals in
particular, when one denotes as sy the expansion of s up to ¢ digits (so s; = a;, for
some iy) the corresponding offset signs o (i) alternate with ¢, so

du({f = se},{f > s}) > 1 while sy — s as { — <.

6. Can we have uniform density estimates at fixed scale? In section 4
we have proved Hausdorff convergence of level sets for denoising of 1p + w by using
density estimates at scales that converge to 0 as a — 0. However, as the next example
shows, often more can be expected out of the denoised solutions.

Ezample 6.1. Consider for ¢, > r,, — 0 with S = (0,1)2 C R? and 9(t) = t?/2
the situation

f=1ls,w, =1p, with B, := B((—En, —En)mn), so that dist(S, By,) = £, — .

The nontrivial level sets of f + w, are all SU B,,, and we clearly have that dy (6(5 U
B,),08 ) — 0, but they contain a spurious connected component not seen in the limit.
Moreover we notice that if ¢,, /r,, — +0o the sets SU B, fail to satisfy uniform density
estimates, since in that case for any x,, € 0B,, we have

‘(SUBH)QB(xn,ﬁn—rnﬂ B | B, | 0

|B(zn, b — )] a |B(zn, ln — ) .
Now, again using ¢, /r, — 400 we have that Per(Conv(S U B,,)) > Per (S U B,), so
we have for the level sets of minimizers of (1.1) that £, , C SU B,. Moreover, if
s and ay, are such that (1 —s)/a, < 2/r, we have that E5 N B, =0, as can be

seen from the computations done in Example 3.5. This implies, when using a linear
parameter choice o, = C|lwy||r2 = Cy/m Ty, that whenever C' > 1/(2y/7) = 1/02
the effect of w,, is not seen in the solution. In that case it is easy to see that level
sets admit uniform density estimates at fixed scale, since then E;, ,, =S s/an wwhere
the notation S%/@» is understood in the sense of Definition 3.13, which are explicitly
computed for the case of the square S in Proposition 3.18 and Remark 3.19.

Uniform density estimates along the sequence of level sets of minimizers not only
provide Hausdorff convergence of the boundaries of level sets but also prevent the
appearance of spurious structures smaller than a certain scale. For general sets of
finite perimeter as in section 4, since the limit is not regular, we cannot in general
expect uniform density for the level sets approaching it.

On the opposite side, if we knew that d TV(1p) # 0, uniform density estimates
for the level sets are implied by the results of [14] for d = 2 and [22] for d > 2.
However, this source condition excludes large classes of sets D where we would expect
the level sets of minimizers to also satisfy uniform density estimates, in particular
sets D with general Lipschitz boundary and satisfying density estimates themselves,
like the square in the example above. The question then arises of how to derive
these estimates for the solutions in such cases. We are not able to give a complete
answer but we collect some observations, specialized to the two-dimensional case and
W(t) =12/2.

Examining the proof of the density estimates in Proposition B.1, to have a uniform
scale at which the estimates hold it would be sufficient to have an inequality bounding
the integral of kp on small sets by a quantity strictly less than their perimeter. In
particular, since connected (indecomposable) components of D inherit the curvature
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of the whole set, such an inequality implies that no arbitrarily small components can
be present, a property which (by the dual stability of Proposition A.2) is also true
for the denoised level sets with an adequate parameter choice. We formulate this
property as the following assumption.

Assumption 6.2. There is a constant 0 < £p < 1 and a scale 79 > 0 such that for
any A C R? admitting a variational mean curvature in L?(R?), z € R?, and 0 < r < 1y
the following inequalities hold:

/ kp < &pPer(B(x,r)N A) and

(61) ANB(z,r)

/ kp < &p Per(B(z,r) N A),
ANB(z,r)

where x5 = max(kp,0) and x;, = —min(kp,0).

Let us check that Assumption 6.2 holds for the square.

Ezample 6.3. Denote the unit square by S C R? and the test set directly by
E := AN B(x,r), since we will not use its form or regularity explicitly. By definition
ks > 01in S, and since S is convex, Proposition 3.11 implies that kg(z) = —Ag9(x)
for # € R?\ S. Let us start with the first inequality of (6.1). It is enough to prove
that there is £g < 1

/ ks < &g Per(FE)
E

for all E C S with |E| small and diam(FE) < 1/2. Assuming |E| < |S\ Cs|/4 with
Cs the Cheeger set of S and in view of the optimal curvature of the square (3.20) we

have that
/Ks </ Ks
E (S\sM)NQ?

for SA again in the sense of Definition 3.13, with some A such that |(S\S*)NQ!| = |E|
and Q' the lower left quadrant. Now, for each A > 0

1 T 4—7
A y_+ T _
|(S\S>HQ|_>\2 402 402
Therefore
/ KS:A‘{H5>A}|+/ |{I€5>)\}|d)\
(S\sM)NQ! A
(6.2) :A\(S\SA)0Q1|+/ (S\ S*) NQdr
A
S
2A
and on the other hand, by the isoperimetric inequality
4—n  Jr(d-m)
(6.3) Per(E) = 2v/7|E| =24/« e A )
and we get the first inequality of (6.1) with any g such that
4 —
1>66>—— " ~0.26
2¢/m(4 — )

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/16/21 to 131.130.169.5. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

VARIATIONAL CURVATURES AND TV DENOISING 1539

To prove the second part of (6.1) we notice that whenever

Lo 20/
€5 Ag | B(0,1)[1/2

(6.4)

for any F' with diam(F') < r we can write

R
Per(F) Jp ©  Per(F) F\Sg\Per(F) Fg
1/2 1/2
< MalFL o MIFL_ AlFIE A IBODIE
Per(F) 2@ F|I2 ~ 27 NG

where we have used g < 1, the isoperimetric inequality and (6.4).

Remark 6.4. For a convex polygon P, one could try to repeat the proof above
around a vertex with angle 20 and A > 0 large enough so that the contact points
of a circle of radius 1/) lie on the two edges the vertex belongs to. The analogous
formulas to (6.2) and (6.3) are then

<< | —40-—— > 7| E| = —— +60—-—).
/ kP X (t g 0 2) and Per(F) > 2 |E]| \/(ta 9 6 2)

However, the quotient of these two quantities is below 1 only for § larger than ~ 0.219.
It is very likely this is a problem of the proof method, since the isoperimetric estimate
used is far from sharp, and that in fact Assumption 6.2 holds for any polygon P.
Convexity is likely also not required, since a polygon cannot have arbitrarily thin
necks, so by the results cited in Remark 3.19 inclusions of balls characterize P* for A
large enough, and we can also determine P~ analogously.

Now we check that Assumption 6.2 indeed implies uniform density estimates at
a fixed scale. Our scheme will be to work first with the solutions corresponding to
noiseless data, and then we compare them with the noisy ones using Proposition 4.1.

THEOREM 6.5. Let w € L?(R?) and « satisfying the parameter choice

(6.5) ol <y < aym 1),

and let uqq, denote the corresponding minimizers of (1.1) with f = 1p, where D
satisfies Assumption 6.2 with constant {p and scale ro. Then there is Cy € (0, 1) such
that for a.e. s, the level sets

Eg = {taw > s} if s >0 and E;, , = {uaw < s} if s <0
satisfy uniform density estimates at scale ro and with constant Cy, that is,

|Eaw N Bz, )| |B(z,r) \ B ]
. 7 7 S > CO
|B(z,7)| |B(,7)]

forallz € OFS . and 0 < r < 71g.

a,w

> Cy, and

Proof. Since we aim to prove both inner and outer density estimates, we can
assume without loss of generality that s > 0, so that by Proposition 1.8 Ef, ,, admits

the variational curvature vq,w = 1p + W — Uq. For such x and r we have by the
Cauchy-Schwarz inequality, by Proposition 4.1, and since sign(va,0) = sign(kp) that
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/ Va,w < B}, N B(z, 7)Y *||[va.w — Va0l L2(r2) +/ Var,0
EgywﬂB(x,r) f;,wﬁB(rvT)
< 1B 0 By o = vaslzagee) + [ i
Eg, ,NB(z,r)

< \E;w N B(x, 7‘)|1/2||va,w — Va0l L2(r2) + &p Per(E;, ,, N B(x, 7))
<

(6.6) B, N B(z,7)|"*n + &p Per(ES , N B(z, 7)),

where we have used the first inequality in (6.1) for the penultimate step and for the
last step the parameter choice (6.5) combined with the dual stability of Proposition
A2, since in this case oy« = Id. Plugging this into formula (B.3) of Appendix B, we
obtain

Per(thw N B(xz,r)) (1 —£&p) — |E;w N B(m,r)|1/277 < 2Per (B(:E,r); (Eg,w)(l)) .
Using now the isoperimetric inequality, we get
B3, 0V Ba, )2 (27 (1= €p) = n) < 2Per (B(w,7); (B3,,) ).

We can derive the inner density estimate |Ej, , N B(x,7)| > Co|B(x,r)| with Co
depending on 7 by integrating this differential inequality up to rg.

For the outer density, one proceeds in an analogous fashion with the complements
R?\ ES ,, which switches the sign of the curvature to —v,., and makes x p Play a

role in (66) through the second inequality in (6.1). 0

We notice that in the situation of Theorem 6.5, the convergence dy, (O, ,,,0D) —
0 for 0 < s < 1 follows then by Proposition 4.5 and Theorem 2.8. Moreover, we have
as follows.

COROLLARY 6.6. With o, w,, and D satisfying the assumptions of Theorem 6.5
and for either s > 1 or s < 0 we additionally have
limsup 0E;, . =0,
n—oo

where limsup OE;, ,, is defined to be [30, Def. 4.1] the set of all limits of subsequences
of points in OE?

nsWn

Proof. If s < 0, or s > 1, by the convergence uq, w, — 1p in L? we have

|E5, w, | — 0. Assume for a contradiction that we had x € limsup dE;, ,, . Then we
have a not relabeled subsequence and z,, € dE; ,, such that z,, — z. Now, as in

the proof of Theorem 1.2, by using the inner density estimate, which now holds with
constant Cy and for scales r < ¢ uniformly both in a and the chosen points we get

|E? | > |B(zq,,m0) N E; | > C|B(0,70)],

O‘rw“’n anv“’n

which contradicts |Ej, ,, | — 0. O

Observe that in the setting of Theorem 1.2 where the density estimates depend
on the distance to 9D, the proof we have given for this corollary fails. Indeed, with
such density estimates we could only get that dist(xz,dD) < r for all » > 0 small
enough and x € limsup, OF} ,,, or

a,w?

limsup OF3, ,, C 9D,

which for s < 0 or s > 1 is not a satisfactory conclusion. We conclude with some
further observations about when inequality (6.1) could be expected to hold.
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Remark 6.7. Although it is naturally of L? scaling for xp, Assumption 6.2 can
be formulated in more general spaces with this scaling, giving some hope that it could
hold for sets with Lipschitz boundary. For example, we would have (6.1) with £p < 1
if we had ||kp||p2.w < 24/ for the weak L? norm. In fact, in the notation of [27, Def.
3.3, it is also enough to have ||kp|s®2) < 1, and in [27, Thm. 3.7] it is shown that
S(R?) in fact coincides with the Morrey space L' (with different norms, a priori).
The quantitative bounds are necessary, since the example in [27, Ex. 8.4] provides a
set D without density estimates, whose curvature xp belongs to L.

Remark 6.8. We have by definition that
1/2
Irpllzew = sup Al {lxn| > A}

Now, if D is convex the construction of xp implies that kp > h(D) in D, for

. . Per(4)
WD) = jnf =]

the Cheeger constant of D, attained by the unique Cheeger set Cp. So with the
isoperimetric inequality and that Cp C D we have
Per(C
B(D) [{rp > h(D)}Y2 = h(D)| D2 = ZUCR) pure 5 9 IDLL 5
|Cbl |Cplt/
with equality if and only if D is a circle. This means that to use the language of weak
norms, it would be necessary to restrict/truncate to small scales or large curvatures.

Remark 6.9. If D is convex we have that uso = (1—akp)T1p (see [3, Prop. 2.2]
or [13, Thm. 6]). This implies that one can construct a vector field z € L (R?) with
|z| < 1 and divergence xp and which coincides with the normal to D on dD. The
Green formula would provide us with (6.1) if z was, for example, continuous in lo),
since then cancellations of the flux would appear.

Remark 6.10. An inequality resembling (6.1) in Assumption 6.2 also appears in
some works dealing with prescribed mean curvature surfaces in periodic media, like
[16] and [21]. In that case, the setting is that of a bounded cell @ and a potential
g € LYQ) satisfying [, § < (1 — 6) Per(E; Q) for fixed § € (0,1) and all E C Q is
used. In fact, it is proved in [16, Prop. 4.1] using the results of [11] that in this case
there is a continuous vector field 2z € C(Q;R?) with |z| < 1 for which div z = g, which
is also incompatible with § being the variational mean curvature of a nonsmooth set
D, since in that case we would expect that Z|6D = vp [15, Thm. 3.7]. This, after
Remark 6.8, is yet more evidence that (6.1) can only be expected for small .

Appendix A. Dual problem and its stability.

PROPOSITION A.1. Assume that f,w € LY(@=1)(R?). The Fenchel dual of (1.1)
reads

(A1) s [ottvw -2 [van,

veEQ TV

which has a unique mazimizer vq ., that satisfies the optimality condition

(A.2) Vaw = —éw'(ua’w —f—w) €ITV(ugw),

where g, s the unique minimizer of (1.1).
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Proof. Existence follows strong duality in Banach spaces [10 Thm. 4 4.3, p. 136]
applied to the space L% (¢=D(R?) with functions TV(-), G(-) = £ [L.v(- — f —w),
and the identity operator, while uniqueness is a consequence of strlct convexity of *.

To apply strong duality we need a qualification condition. Since G is up to a shift
and a constant factor the functional [¢ and f,w € L4/(d=1) it is enough to check
that u — [1b(u) is continuous on L¥(4=1 o that G is in particular continuous at
0. By [18, Prop. IV.1.1] continuity holds as soon as we can guarantee that ¢ ou € L!
for every u € L¥(?=1) which is directly implied by the inequality |t(t)| < C|t|%/(d=1)
included in assumption (A).

The Fenchel conjugate of G reads

== [v(r 4w+ [v (.

As already computed in [23, Thm. 1], the conjugate of the total variation is TV* =
XaTv(0), the indicator function of the convex set dTV(0). In this duality setting,
we have [18, eq. 1.(4.24), 1.(4.25)] the optimality conditions vy, € 0TV (uq,w) and
—Vgw € 0G(Uq ) as well, which are exactly (A.2). d

Now we use assumption (A) to arrive at a stability result for the maximizers vy, u

of (A.1).
PROPOSITION A.2. We have the stability estimate

Wl r,d/(d—1)
(AS) ||'Uo¢,w - 'Ua,O”Ld(Rd) < 7 (HlLa> ;

where oy is the inverse of the function t — my-«(t)/t, with my- the largest modulus
of uniform convezity for v¥*.

Proof. The computations are analogous to the ones in [22, Prop. 3.5, 3.6], in turn
originating from the methods in [1, 2], adapted to the slightly different framework
here. The main idea is, for the weak-* closed and convex set K := d TV(0) C L%, to
define a generalized projection 7 : L4/ (=1 — K by

(A4) 7(u) —argmln/w ) —vu + Y™ (v),

veEK

which is single valued by strict convexity of ¢* and then noticing that the dual variable
is obtained as

(A5) Va,w = éﬂ— (f + ’LU) y

where we have used that ¥ being even implies that ¥ is also even.

Now, given any v € L%~V and v € L% differentiating the argument of the
right-hand side of (A.4) in direction m(u) — v and using minimality at 7(u) we end
up with

(A6) [ (0= mla) (w7 oww) >0,
Moreover, we have the uniform monotonicity inequality (for a proof, see [22, Lem. 1.2])

/wwn—ﬂw»wwwwwn—wwoﬂw»

> 2my- ([l (u1) — 7 (uz)l| par@-n),

(A7)
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for whose left-hand side we have, using (A.6) twice (with v = 7m(uy) and v = 7w (u3))
and the Hoélder inequality, that

/ () — () (8% 0 m(ur) — (67 0 m(u2)
< / (m() — (1)) (1 — )

" o/
/

(m(u1) = m(uz)) (%) o 7(u1) — ua)

(m(u1) — m(u2)) (7)o m(uz) — uz)

N

/ () — (1)) (211 — )
< llm(un) — (o) e [1r — ol prcay -

The combination of (A.8), (A.7), and (A.5) allows us then to conclude (A.3). As
already noted in [22], the property (see [9, Fact 5.3.16]) my-(ct) > c*my-(t) for all
¢ > 1 implies that the function t — my-(t)/t is strictly increasing, so its inverse is
well defined. d

Appendix B. Density estimates for denoised level sets.

PROPOSITION B.1. Let K C R? be a bounded set, and assume that
(B.1) V0w — Va0l Le@ey < Co < Oy,

which is possible by Proposition A.2. Furthermore, assume that for each € > 0 there is
Tr.e > 0 such that for all x € R\ K and all o we have the equi-integrability estimate

(B.2) / [Va0l? < €.
B(z,rk,e)

Then the level sets Ey, ,, denoting {ua.w > s} for s >0 and {uqw < s} when s <0
satisfy uniform density estimates at some scale rx and with constant C'i outside K,
that is,
Es . NB(x,r B(z,r) \ ES
Br 0B (B \Fal
| B(x,7)|

|B(z,7)|
forallz € O, ,\ K and 0 <r < rg.
Proof. Let x € OE}, , \ K. We start from the formula

a,w

(B3)  Per(ES, N Ba,r)) - / Vo < 2Per (B, r); (B3,,)").,
E

ngﬂB(m,r)
which holds for almost every r > 0 [23, Lem. 8] by repeated application of the precise
formulas for the perimeter of an intersection [29, Thm. 16.3].

On the other hand we have, thanks to the Holder inequality, the condition (B.1),
and local equi-integrability (B.2) that for 0 < r < rg .

J

Vo < 1B 0 B(&, D@t = vl + [ [0

wNB(z,r) E3 ,NB(z,r)

s
a,

< B, N B, )@/ (Co + ).
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Plugging this into (B.3), we obtain (the superscript (1) denoting density-1 points)

Per(E3,, 0 B, 1)) — |3, 01 Bla, )] D/4(Co + 2) < 2Per (Bla,r); (B5,)D).

Using now the isoperimetric inequality, we get

(B.4) (B30 0 B(a,n)| 0/ (8,4 = Cy — 2) < 2Per (B, n); (B ,) 1)
Taking some fixed ¢y < ©4 — Cp, and since for a.e. 7 >0
d
Per (B(a:,r); (E2 w)(l)) = it (BB(gc,r) n(E: w)<1>) =2 |E: . N B,
3 ) dt i )

we can derive the inner density estimate |ES , N B(x,r)| > Ck|B(z,r)| with Ck

a,w

depending on g by integrating the differential inequality (B.4) up to rg := 7k c-

The outer density estimate follows analogously by considering the complement

RZ\ E7, ., which admits the variational mean curvature —vq . O
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